TWISTED SUPER YANGIANS OF QUASI-SPLIT TYPE A

KANG LU

AsstrAcT. We introduce the twisted super Yangian Y of quasi-split type A in the Drinfeld current presentation
for an arbitrary symmetric parity sequence s. We prove via Gauss decomposition that the twisted super Yangian
Y is isomorphic to the (special) twisted super Yangian Y°, previously defined via the R-matrix presentation.
As a corollary, we prove that the twisted super Yangians Y corresponding to different parity sequences are
isomorphic. Additionally, we establish the PBW theorem for Y; and describe the center of Y* in terms of
Gaussian generators, thereby generalizing known results for the nonsuper quasi-split type A case.
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1. INTRODUCTION

Inspired by Cherednik’s scattering theory for factorized particles on the half-line [Che84], Sklyanin [Sk188]
introduced a class of algebras defined by reflection equations in the FRT formalism [RTF89], leading to the
construction of quantum integrable systems with boundary conditions via the quantum inverse scattering
(R-matrix) method. The reflection equations are central to constructing the commutative Bethe subalgebra,
ensuring the integrability of the associated integrable systems with boundary conditions.

Twisted Yangians are coideal subalgebras of Yangians associated to symmetric pairs. They are in general
quotients of reflection algebras by symmetry or unitary relations. A first example of twisted Yangians is
due to Olshanski [Ols92] who constructed twisted Yangians of types Al and AlIl in R-matrix presentation.
These algebras are closely related to representations of classical Lie algebras [Mol07]. Recently, Bethe
vectors and recurrence relations for open spin chains, whose symmetry is described by Olshanski’s twisted
Yangians, were uniformly studied in [Reg23]; see also references therein. The R-matrix construction of
twisted Yangians was later extended to type AIIl [MRO02] and to symmetric pairs of classical types [GR16].
Additionally, a construction of twisted Yangians for general symmetric pairs via Drinfeld’s J-presentation
has emerged as boundary remnants of Yangians in 1+1D integrable field theories [Mac02].

In this article, we continue our study for a special case of reflection superalgebras, referred to as twisted
super Yangians of quasi-split type A; cf. [Lu23b,L.Z24]. These twisted super Yangians are super analogues
of the reflection algebra introduced in [MRO02]; cf. also [CGM14]. They are associated with supersymmetric
pairs of type AIIl, while the twisted super Yangians of types Al and AIl were previously introduced in
[BRO3].
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The twisted super Yangians of type AIIl (also known as reflection superalgebras) have appeared in the
study of open spin chains with diagonal boundary conditions, employing both analytic and algebraic Bethe
ansatz approaches [RS07, BR09]. Moreover, the (super)trace formula [TV13] of Bethe vectors and the Bethe
ansatz equations were obtained in [BR09]. Twisted super Yangians in standard parity sequence (with specific
diagonal boundary matrices) were further investigated in [Ket23, BK24] where some basic properties of the
superalgebras were established. In our prior work [Lu23b], we worked on twisted super Yangians in R-matrix
presentation associated to arbitrary parity sequences and arbitrary diagonal boundary matrices, established
a highest weight representation theory under the general situations, classified finite-dimensional irreducible
representations for certain cases (cf. [MR02]), and extended the Schur-Weyl type duality between degenerate
affine Hecke algebras of type BC and twisted super Yangians (cf. [CGM14]).

The goal of this paper is to introduce a Drinfeld type presentation for twisted super Yangians of quasi-split
type A, associated with arbitrary symmetric parity sequences, and to generalize the joint work with Weinan
Zhang [LLZ24] to the super case. We establish an explicit isomorphism between twisted super Yangians in
R-matrix and Drinfeld presentations via Gauss decomposition; cf. [BK05,JLM18,FT23,LWZ23, Mol24].

A new feature of Lie superalgebras is the existence of multiple nonisomorphic Dynkin diagrams. For type
A case, these Dynkin diagram can be effectively described by a parity sequence s. We then consider the

general linear Lie superalgebra g[fn‘n where § = (s1,...,5m4n) i a parity sequence such that s; = +1 and
the occurrence of 1 is exactly m.
A supersymmetric pair (g[;‘n, ﬁl‘n) is of quasi-split type if Eﬁmm is the fixed point subalgebra of an

involution § = w o 7, where 7 is an (nontrivial) involution of the underlying Dynkin diagram and w is the
Cartan involution. In the type A case, a nontrivial 7 is uniquely given by 7¢ = m + n — 4, enforcing symmetry
in the Dynkin diagram of g[ﬁﬂn, meaning that nodes ¢ and m + n — ¢ must have the same parity. In the present
paper, we consider all such Dynkin diagrams with one natural restriction: if 7¢ = ¢ (which occurs only if
m + n is even), then the node 7 has to be even; see [SW24, Def. 2.3 & Ex. 4.9]. All such Dynkin diagrams
are described by the symmetric parity sequences. Here a parity sequence s is symmetric if §; = Sy 1q41—-

For a symmetric parity sequence s, we introduce a superalgebra Y7, referred to as a twisted super Yangian
in Drinfeld presentation (see Definition 2.1). These superalgebras are super analogues of twisted Yangians
introduced in [LZ24]. We then establish an explicit isomorphism between the new superalgebras and the
twisted super Yangians Y*° in R-matrix presentation. Our approach utilizes the well studied Gauss decompo-
sition method, extensively employed to provide explicit isomorphisms between Yangians and quantum affine
algebras of classical types in R-matrix and Drinfeld presentations, including the supersymmetric setting
[BKO5,Gow07,Penl6,JLM18,FT23, Mol24].

In contrast to the type Al case, where the relations between Gaussian generators are twisted analogues
of [BKO5], the quasi-split type A (or quasi-split type AIII) closely resembles the classical type BCD cases
investigated in [JLM18,FT23,Mol24]. By carefully modifying the R-matrix presentation, the super Yangian
of type A can be naturally regarded as a subalgebra of twisted super Yangians by focusing on the upper left
half of the generating matrix of the twisted super Yangians Y*. Consequently, many relations can be directly
adapted from [Gow07, Pen16, Tsy20]. However, a nontrivial rank reduction homomorphism is crucial for
effectively reducing the calculation of new relations to small rank cases. We establish the rank reduction
homomorphism (actually embedding) in Proposition 4.3 by employing techniques from [JLM18]; see also
[LZ24, Prop. 6.3]. Unlike the orthosymplectic Yangians, this technique works well in the super setting as
R(u) (Yang’s rational R-matrix) does not have singularities at s; (cf. [FT23,Mol24]). Consequently, we
achieve our main result, an explicit isomorphism between twisted super Yangians in Drinfeld and R-matrix
presentations; see Theorem 5.1. Meanwhile, we obtain a PBW theorem for the twisted super Yangians in
current generators for both presentations; see Corollary 5.2 and Theorem 5.3.

The twisted super Yangians in R-matrix presentation possess nontrivial centers, and constructing these
centers (Sklyanin superdeterminant) in terms of R-matrix generators remains open due to the absence of one-
dimensional modules in tensor products of natural representations. Nevertheless, we construct a central series
Ber®(u) (termed quantum Berezinian, cf. [Naz91]) using the Cartan current from the Gauss decomposition
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in (5.6) and generalize [LZ24, Thm. 6.19]. Interestingly, the shifts and formulas for the central series mirror
those in the nontwisted case; see [Gow(7, Tsy20, HM20, CH23].

The twisted super Yangians Y associated with different parity sequences s that share the same m and n
are isomorphic. This fact, though nontrivial in terms of Drinfeld presentation, is naturally apparent for Y% in
R-matrix presentation, as the superalgebras are isomorphic via index permutation. As a corollary of our main
result, we show that Y? for different s are indeed isomorphic; see Theorem 5.7 and cf. [Tsy20]. Moreover,
the central series Ber®(u) remains invariant under the permutation isomorphisms of Y, extending results
from [HM20, CH23] to the twisted case; see Theorem 5.11.

The Gauss decomposition approach should also apply to twisted Yangians of classical type introduced in
[GR16], although some modifications in the presentation might be necessary. It is natural to anticipate that
these results can be extended to their g-analogues (cf. [LWZ24b])), as has been successfully done for the type
Al case in [Lu23a]. Notably, there are no split types in the supersymmetric case, making the quasi-split type
the natural first case to study in the supersymmetric setting.

The paper is organized as follows. In Section 2, we introduce the twisted super Yangians in Drinfeld
presentations and study their basic properties. Section 3 is devoted to a review of super Yangians and twisted
super Yangians in R-matrix presentations. We investigate the Gauss decomposition of the generating matrix
of twisted super Yangians and establish the rank reduction homomorphism in Section 4. Basic symmetries
for the Gaussian generators are also discussed. We formulate and prove our main results in Section 5. In
Section 6, we verify the relations in small ranks which are crucial to the proof of our main results.

Acknowledgement. The author thanks Yaolong Shen and Weigiang Wang for stimulating discussions on
quantum supersymmetric pairs, and Weinan Zhang for collaborations on nonsuper case. The author is
partially supported by Wang’s NSF grant DMS-2401351.

2. TWISTED SUPER YANGIANS IN DRINFELD PRESENTATION

2.1. Lie superalgebra. Throughout the paper, we work over C. In this subsection, we recall the basics of
the general linear Lie superalgebra, see e.g. [CW12] for more detail.

A vector superspace W = W5 @& W7 is a Zo-graded vector space. We call elements of Wy even and
elements of Wy odd. We write |w| € {0, 1} for the parity of a homogeneous element w € W. Set (—1)" = 1
and (—1)! = —1.

Fix m,n € Z>o and denote N = m +n. SetI° := {1,2,.... N — 1} and I := {1,2,..., N}. For each
iel,seti :=N+1—1.

Denote by Sy, the set of all sequences s = (s1,52,...,5y) where s; € {1} and 1 occurs exactly m
times. Elements of Sy, ,, are called parity sequences. We call a parity sequence symmetric if 5; = s, for all
i € I. There exists at least one symmetric parity sequence in Sy, if and only if mn is even.

Fix a parity sequence 5 € Sy, and define |i| € Zg fori € I by 5; = (=1l

It is well known that there are different nonconjugate root systems of the general linear Lie superalgebra
9lim|o and they are parameterized by parity sequence in Sy

The Lie superalgebra gl7 = is generated by elements e;;, 7, j € I, with the supercommutator relations

m|n
leij> er] = Ojreq — (_1)(|i|+|j|)(|kl+\l|)5ﬂekj7

where the parity of e;; is |i[ + [j|. Since m and n can be determined from s, we simply write gl as gI®.
The Lie superalgebra s[® is the Lie subalgebra of gl* spanned by the vectors e;; and s;e;; — s;e;; fori, j € I
such that ¢ # j.

The Cartan subalgebra b of gl® is spanned by ¢;;, i € I. Let ¢;, ¢ € I, be a basis of h* (the dual space of
h) such that €;(e;;) = 0;;. There is a bilinear form (-, -) on h* given by (¢;, €;) = 5;0;;. The root system ® is
a subset of h* given by

®:={¢ —¢;|i,j€landi # j}.

Let RT = {g; —¢j | 1 <i < j < N} be the set of positive roots. We call a root €; — €; even (resp. odd) if
|i| = || (resp. |i| # |7]). Set o := €; — €;41 fori € I'. Then we have |o;| = |i| + |i + 1].
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The symmetric Cartan matrix C* = (c;;); jepo associated to the parity sequence s is given by
Cij = (ai,aj).
For example, Cis = 5; + 5541 and Cii+1 = Cit+145 = —Si+1-
For a symmetric parity sequence, the associated Dynkin diagram is also symmetric. We shall give a few

examples. Here we use O for even roots and ® for odd roots. For the parity sequences (—1,—1,1,—1, —1)
and (—1,—1,1,1,—1, —1), the corresponding Dynkin diagrams, respectively, are given by

NG

Note that if N is even (i.e. the rank is odd), then the node in the middle is always an even root. We rephrase
these more precisely.

Let 5 be a symmetric parity sequence. Let 7 : I — I° be the bijection, 7i = N — i. Then 7 is a Dynkin
diagram involution, i.e. ¢;; = ¢ ;. If N = 2{ is even, then / is a fixed point of 7, i.e. 7/ = £. In this case,
we always have |ay| = 0.

Let 6 be the involution of gl* defined by

0:gl®— gl®, €ij > (—1)i_j€i/j/.

The involution 6 can be thought as the composition of the involution 7 and the Chevalley involution. Let £°
be the fixed point subalgebra of g[* under the involution €. Then the pair (g[®, €°) is called a supersymmetric
pair of quasi-split type A (or quasi-split type Alll, to be more precisely), cf. [KY20,She24, AMS24, SW24].

2.2. Drinfeld presentation. From now on, we fix an arbitrary symmetric parity sequence § € Sy, For
homogeneous elements x, y in a superalgebra, we write

[,y = 2y — (~D)FWye {2y} = 2y + (= 1) Wlya.

Definition 2.1. The twisted super Yangian of quasi-split type A (in Drinfeld presentation) associated with the
symmetric parity sequence s, denoted by Y2, is the unital superalgebra generated by h; -, b; », i € I, 7 € N,
where |h; | = 0 is even and b, ,- is of parity ||, subject to

[hirs hyjs] =0, hrio = —hio, (2.1)

[hi,r’ bj,s] - [hi,r—Q’ bj,s+2]

= W{hm—l, bjs}+ W{hm—m bjs+1} + %[hi,r—% bj.s); (2.2)
[birt15bj,s] = [birs bjst1] = %{bw, bjs} — 207 5(=1)"8ihj rys1, (2.3)
and the Serre relations: for ¢;; = 0,
[bi,rs bjs] = 0rii (=1)"8iljr s, 2.4)
and forj # 1i #i,j7 =i+ 1,|a| =0,
Sy, ey [Biky s [iska bjir]] = 0, (2.5)
and for |o;—1| = |a;y1]| =0, |a;| = 1,
[[bi—1,r bi0]s [bi,0, big1,s]] =0, (2.6)

andfor N =20, =/0+1,
Symkl,kg [bé,klv [bf,kw bjﬂ“]]

= (—M Z 272 (s¢[hi oy +hs—2p—15 bjri1) — {Rtky+ha—2p—1, 00 }), 27
p=0
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and for N =20+ 1,i € {{,{+ 1}, |ay| =0,
ki+r

4 _
Sy gy (D1 s [Bikss Orir] ] = 3 Sy o (=D D 37P8i[bi ey s iy 1), (2.8)
p=0
where h; s = 0if s < —land h; 1 = 1.
Remark 2.2. By setting r = 0 and » = 1 in (2.2), we have
[hi0,05,r] = (Cij — Crij)bjrs (2.9)
Coi — s
(i1, byr] = (e + eri)bjrin + =5 {hio, bjr}. (2.10)

If c; j = 0, then the relation (2.2) has a more familiar equivalent form, which corresponds to the current
relations for the ordinary super Yangians; see also §4.4 and §6.1.

Lemma 2.3. If c;; j = 0, then the relation (2.2) is equivalent to
o
i1 byl = s bj ] = Z-{Pirs bjs}- (2.11)
Proof. The proof is the same as that of [LZ24, Lemma 3.3]. O

2.3. A PBW spanning set. Fora € R™ andr € N, where a = a; + a1 + -+ + aj_1 for some ¢, j such
that 1 <7 < j < N, define

bar = [bj-10, [bj-20,++ iv1.0, 0]+ ] . 2.12)
Set
I ={1,....0-1}, I ={¢, if N = 2¢;
1% ={1,...,0}, 0 =g, if N =20+1.

An order super monomial is an order monomial containing no second or higher order powers of the odd
generators.

(2.13)

Proposition 2.4. The ordered super monomials of

{bars hig, hjorsrla € RT i€ 12, j € 2, r € N} (2.14)
(with respect to any fixed total ordering) form a spanning set of Y.
Proof. We use the same strategy as in [LWZ24a, Proposition 4.5]. Define a filtration on the superalgebra
Y7 by setting deg b; , = degh;, = r + 1 and denote by grY; the associated graded superalgebra. Denote
by hir,b;, the images of h;,,b;, in the (r + 1)-st component in grY7. Then the relations (2.2), (2.9),
and (2.10) imply that [h;,,b; ] = 0 for i,j € I° and r, s € N. By (2.1), hi, and hj s commute in grY?.
Moreover, the relations (2.3)—(2.8) imply that

D11, bj.5] — [bis bjsi1] =0,
Birag's =0, ifc;; =0,
o b e (2.15)
Symkl’k,z [bz}ku 105 s » bj,r}] =0, if ;] =0and j =7 £ 1,
“Bifl,ry bi 0], [bi0, EHLSH =0, if ;] = 1 and |a;—1| = |aiq1| = 0.

Thus, grY? is a quotient of the tensor superalgebra (C[ﬁi,r, ﬁj72r+1|i € ]Igé, j € IV, r e N] ® S?f , Where
?f is the superalgebra generated by l;i,r of parity || for i € I°, » € N subject to the relations (2.15). For
a € R and r € N, define I;W, in the same way as in (2.12) with by, ¢ replaced by Bk,s- It follows from
[Tsy20, §2.6-§2.7] that ?f is spanned by the ordered super monomials in Ba,r fora € RT and r € N,
completing the proof. U

We will see that these ordered monomials indeed form a basis of Y7; see Corollary 5.2.
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2.4. On Serre relations. In this subsection, we establish that some complicated Serre relations can be
deduced effectively from other relations and the finite type Serre relations.

Proposition 2.5. Suppose the relations (2.1)~(2.3) hold. Assume further that 7i =i + 1, |a;| = 0, and
(03,05 [b3,0, bri0]]| = 4bs 0, (2.16)
then the relation (2.8) holds as well.

Proof. In this case both b; , and b.; s are even, and hence the proof is exactly the same as that of [LZ24, Prop.
3.12]. O

Proposition 2.6. Suppose the relations (2.1)~(2.3) hold. Assume further that |c;;| = 1, ;1| = |ar1] =0,
and

[[bi—1,0, bi,0], [bi,0, bit1,0]] =0, (2.17)
then the relation (2.6) holds as well.

Proof. Let N =20 or N =20+ 1. If N = 2/, then |ay| = 0. If N = 2/ + 1, then |ay| = |ag11]. Thus our
assumptions happen only if i + 1 < [ 5] ori—1> || Set &)1 == h;1 — %h?,o’ then
€515 0k,r] = (cjk + Crjik)Okrt1-

Then the relation (2.6) easily follows by applying [{; 1, -] to (2.17) for j € I° such that |j — i| < 1 and using
induction on r + s, cf. [Lev93]. O

Now let us consider the relation (2.7). This part was done (but not written) in the joint work [LWZ24a]
with Wang and Zhang.

We fix i,j € I° such that i = 74, i # j, and cij # 0. Then b;, are even elements and ¢;; = —s;. We
assume the relations (2.1)—(2.3) and the finite type Serre relations
(64,0, [bi0, bj0]] = =bj0- (2.18)
Then we shall prove that the general Serre relation (2.7) holds.
Set
bij(u) = [bio, bj(u)]. (2.19)

Note that (2.3) for the choice of 7, j is equivalent to
(1 — v — % )bi(w)b; (v) = (w— v+ %) (0)bi(u) + ([bi0, bi(v)] — [bi(w), biol).
It follows by setting v = u £ % that
[bi(u), bj0] = bij(u — ) + ei5bj(u — G )bi(u) = bij(u+ E) + eijbi(u)bj(u + %L). (2.20)
Note that by (2.3), one also has

[bi(w), bio] = s (bs (w)? — hy(u) +1). (.21
Lemma 2.7. We have
[bi,0, bij(w)] = —bj(u). (2.22)
Proof. Using a similar argument of [LWZ23, §4.3] by induction and recursively applying h; 1 and A;; =
hji— %hio, one shows that [bz',o, [bi0, bj,,n]] = —bj . The lemma follows from (2.19). O
Lemma 2.8. We have
[hi(u), bj0] = cijhi(w)bj(u+ ) + cijbj(—u — G )hi(u), (2.23)
u Ciq Cij
([hz(u), bj}l] + cij{hi(u), bj,()}) = cijbj(u — TJ)}LZ(U) — cl-jbj(—u — %)hz(u) (2.24)

2 1
u Z
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Proof. The relation (2.2) for the choice of ¢, j can be equivalently written as

(u? = v*)[hi(w), b (0)] = esjo{hi(u), bj(v)} + %ij [hi(u), bj(v)]
= [hi(u), bja] = cij{hi(u), bjo} — v[hi(u), bjo]-
Hence
—[hi(u), bj1] — cij{hi(u), bjo}
= (u® = (v + G hi(w)b;(v) = (u® = (v = F)?)bj(v)hi(uw) + v[hi(w), bjo].

Note that the LHS is independent of v.
Setting v = u + %, we have

—[hi(w), bj1] = cij{hi(u),bjo} = —(2ciju + ¢ hi(uw)bji(u + ) + (u+ 5 [hi(w), bjo)-
Setting v = —u — 7, we obtain
—[hi(u), bj1] = cij{hi(u), bjo} = (2ciju + )bj(—u — G- hi(u) — (u+ ) [hi(u), byl

Then the first equahty follows from these two equations above.

Setting v = u — 7;, we have
~[hi(u), bj1] = cij{hi(u), bjo} = —(2eiu — ¢)bj(u — G )hi(u) + (u — %) [hi(w), bjo]-
Then the second equality follows from the two equations above. U

Lemma 2.9. We have
[bl(u), [bi’o, bj@]] + [b@o, [bl(u), bj’[)]] == bj(—u - %)hl (U) - bj (u - %)hz(u) (225)
Proof. By Jacobi identity and ¢;; = —s;, we get that

[bi(w), [b1,0,0j0]] + [bio0. [bi(w), bjol]
= 2[[bj0, bi(w)], bip] + [bj0, [bi0,bi(u)]

]
=" — [bij(u— %) — sibj(u — G )bi(u), big]

(2.20)
@21
— [bij(u+ ) = sibi(w)bj(u+ G, bio] + si[bj 0, hi(u) — bi(u)?)
C b (u— %) — sibyg (u — )i () + by (w — %) (ba(w)® — hi(u) + 1)
—bj(u+ %) — sibi(w)bij(u+ ) + (bi(u)® — hi(u) + 1)bj(u + %) + silbj0, hi(w)]

(i (
(u — % )bi(w))bi(u) + 5:bi(u)
= —bj(u—F)hi(u) = hi(u)bj(u + ) + si[bj0, hi(u)
2 b (—u— Ghi(u) — b — G ha(w),
where in (x) we applied (2.19)—(2.22). O

(bij(u+ ) — s3b; (u)bj(u + %))
]

Remark 2.10. Since h;(u) is even, it follows from (2.23) that
[hi(w), bjo] = —sihi(u)bj(—u + 5) — sibj(u — 5 hi(u).
Using the above equation instead of (2.23) in the proof of Lemma 2.9, we find that
[bi (), [bi0, bj0l] + [bi0, [bi(u), bjo]] = hi(w)bj(—u+ %) — hi(u)bj(u+ ). (2.26)
Proposition 2.11. Suppose the relations (2.1)—(2.3) and (2.18) hold, then the Serre relation (2.7) also hold.
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Proof. By (2.24) and (2.25), we find that
U

[bz(u), [bip, ij()]] + [b@o, [bz(u), bjp]] = u2j (51' [hz(u), bjjl] — {hz(u), bjjo}).

Expanding (4u? — 1)1 as a power series in u~! and comparing coefficients, one shows the Serre relations
(2.7) for the case ky = r = 0 and ko € N, which corresponds to [LWZ23, Claim 1 in §4.3]. Then as argued
in [LWZ23, Claims 2-3 in §4.3], one proves that

Sij(kl + 1,k2;T) = —Sij(kl,kig + 1;7").

Hence the Serre relation (2.7) for general case is reduced to the special case k1 = r = 0 and k2 € N proved
above. U

From the proof of Proposition 2.11, we also have the following.

Corollary 2.12. The relations (2.2) and (2.25) imply the Serre relations (2.7).

3. TWISTED SUPER YANGIANS IN R-MATRIX PRESENTATION

In this section, we recall the basics for the twisted super Yangians Y*® of quasi-split type A (under the name
reflection superalgebra) defined in the R-matrix presentation from [MR02,RS07], cf. also [Lu23b].

3.1. Yangians. We start with recalling the basic theory of super Yangian Y (gl®) from [Naz91].
In this subsection, we do not require s to be symmetric. Let C® be the vector superspace with a basis v; for
i € I'such that |v;| = |i|. Let E;; € End(C?®) be the linear operators such that E;;vy, = 0;;v; fori,j,k € L.
Definition 3.1. The super Yangian Y (gl®) corresponding to the Lie superalgebra gl® is a unital associative
superalgebra with generators tg) of parity |i| + |j|, where ¢, j € [ and r € Z~, and the defining relations
written in terms of the generating series
tij(u) = 045 + tl(-Jl.)ufl + 151(]2-)1172 +---

by the relations,

(u — ) [tij (w), tyy(v)] = (= 1)ITHERFGIE (1 ()t (0) — i (0)ta(w)). (3.1
The super Yangian Y (gl®) has the following R-matrix presentation. Let R(u) be the Yang R-matrix
p N
R(u) =1-— € End(C°® CH[u™'], where P =Y s;E;® Ej, (3.2)
ij=1

and
N
T(u) =Y ti(u) @ Ei;(—1)1H0 € Y(gi®)[[u™"]] ® End(C?).
ij=1
Then the defining relations of Y (gl®) can be written as
R(u — v)T1(u)Ta(v) = To(v)T1(u)R(u — v).
Note that the Yang R-matrix satisfies the Yang-Baxter equation
ng(u - U)R13(U)R23(U) = Rgg(v)ng(u)ng(u — ’U). (3.3)
The super flip operator P has the property P(v; @ v;) = (—1)llv; @ v;.
Let g(u) be any formal power series in u~! with leading term 1,
glu) =1+ gu" +gu >+ € Cllu ']
There is an automorphism of Y (g[®) defined by
o P L(w) = g(u)T'(u). (3.4
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The super Yangian for s[°® is the subalgebra Y (s[*) of Y (gl®) which consists of all elements stable under
all the automorphisms of the form (3.4).
Consider the filtration on Y (gl*) obtained by setting

deg tl(-;) =r—1 3.5

for every r > 1. Denote by grY(gl®) the associated graded superalgebra. We write fg) the image of tg) in
grY (gl®). Let gI*[z] be the polynomial current superalgebra of gl® in the indeterminate z. Then the map

U(al[z]) —» erY(al),  siegz" i, (3.6)

induces a Hopf superalgebra isomorphism. 3
We collect a few facts about the inverse of 7'(u) of Y(gl®). Define the series t;;(u), whose coefficients

") are in Y(gl®),

(]

fij (u) = 5@‘ + Z EZ(;)U_T

r>0
by
T(u) = (T(w) " =Y &j(u) @ Ey(~1)llli+l,

ij=1
Then

N

fij(u) =65+ > (=DF Yty (w)tg 4 () - to,i(w), (3.7)
k>0 al, - ,ap—1=1

where t7;(u) = t;j(u) — d;;. In particular, by taking the coefficient of ™", for r > 1, one obtains

T

N
D I(CS D DD DI AL e (38)

k=1 ay, - ,ap—1=1ri+-+rpy=r
where r; for 1 < ¢ < k are positive integers.

3.2. Twisted super Yangians. Recall thati’ = N + 1 —ifor1 < i < N. Let G = (g;;) be the N x N
even matrix defined by g;; = ¢;;-. For any N x N super matrix M = (m;;), define

M/ = GMG_l = (mi/j/).
In particular, we have the modified R-matrix,
R’(u) = GlR(u)Gl = GQR(U)GQ (3.9)

The following twisted super Yangians were specific reflection (super)algebras [ Sk188] introduced in [MR02,
RS07]; see also [BR09, Lu23b].

Definition 3.2. The rwisted super Yangian Y* of quasi-split type A is a unital associative superalgebra with
generators xg) of parity || + |j|, where i, 7 € [ and r € Z~, and the defining relations written in terms of
the generating series

xij(u) = 0;; + xz(»jl-)ufl + xgjz-)zf2 +-- (3.10)

by the quaternary relations,
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_1)|i||j|+|i|\k|+|j||k|
[2ij(u), 2ri (V)] = — (zrj (W) (v) =z (v)w(u))

(—1)lillg el I+ 1 N

+ u+ v ( kj’ sza’ wal — i Zxka’ xa] > (3.11)
S [
T2 g 02 (Z mka’( xal Z xka xal )
a=1

and the unitary condition

Z Tigr (W) Taj(—u) = 851 (3.12)
Define the operator X (u) € Y*[[u~!]] ® End(C?),
N
X(u) =Y aij(u) @ E(—1)HlL
ij=1

Then the defining relations of Y* are given by
R(u —v) X1 (u)R (u + v) X2 (v) = Xa(v) R (u + v) X1 (u) R(u — v), (3.13)
X(u) X' (—u) =17, (3.14)
where 17 is the identity matrix in End(C?).
It is convenient to work on the extended twisted super Yangians defined below instead of twisted super

Yangians. By abuse of notations, we shall keep using the same notations for the twisted super Yangians and
extended twisted super Yangians of various elements such as x;;(u) and X (u), etc.

Definition 3.3. The extended twisted super Yangian X® of quasi-split type A is the unital associative superal-
gebra with generators a:( ")
(3.13), where z;;(u) is agaln given by (3.10).

, where ¢, 7 € [ and r € Z~ ¢ satisfying the quaternary relations

Sometimes, we shall use super Yangians and twisted super Yangians whose ranks are smaller than Y (g[*®)
and Y*. In our situation, they are associated to subsequences of the parity sequence s.
For 1 < i < j < N and a parity sequence § = (s1, 52, - ,65), wWe use the notation
5[4 = (5i,5i41,° - ,55)
and similar notations in terms of open intervals.

For a fixed symmetric parity sequence s and 1 < m < LN—j the parity sequences s, ;) and S, ;1]
are symmetric as well. We further use the following

(g[[m]) (9[5[1 m ), :X:?m7m/) = xﬁ(mvm/)7 ?m,m,] = xs[m,m’] . (315)

3.3. Basic properties. Let X (u) = X (u)~! = (Z;(u)), i.e.

N
= " Fij(u) @ Ey(— 1)l
i,j=1

Proposition 3.4 ([Lu23b, Prop. 3.2]). In the extended twisted super Yangian X*, the product X (u)X'(—u)
is a scalar matrix,

X(w)X'(—u) = X'(—u) X (u) = c(u)1®, (3.16)
where c(u) is an even series in u~' whose coefficients are central in X*. In particular, we have x; jr(—u) =
c(uw)Zij(u).
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It is known that Y® can be identified as a subalgebra of Y(gI®), see e.g. [Ket23,Lu23b,BK24]. Specifically,
the map

X (u) = T(u)T'(—u) (3.17)

defines a superalgebra embedding Y* < Y (gl®). Moreover, there is a filtration on Y* inherited from the one

(3.5) on Y(gI*) such that deg xg) = r — 1. Let F5(Y®) be the subspace of Y* spanned by elements of degree
< s. Then

Fo(¥°) C A(Y) C F(¥°) C..o Yy = F(¥°). (3.18)

s>0

Denote by gr Y* the associated graded superalgebra. Let jg) be the image of xg)
of grY%. Then by (3.8)

in the (r — 1)-st component

) =10 — (—1yil)). (3.19)
Let ¢ be the involution of gl* defined by
9 g[ﬁ — g[s, €ij > €yl

Extend this involution to g[z] by sending g2" to 9(g)(—2)" for g € gI* and r € N. Let gl*[2]” be the fixed
point subalgebra of gl®[z] under the involution ¥J. Then it is known that the map

U(al[2]”) — gr¥®,  si(e + (—1) erj)z" v i) (3.20)

induces a superalgebra isomorphism, cf. (3.6) and (3.19).
By restriction, we can also define s[°[2]” and U(s[®[2]”).

4. GAUSS DECOMPOSITION

In this section, we formulate and study the Gauss decomposition for twisted super Yangians. Using the
Gaussian generators, we establish in Theorem 5.1 an isomorphism between Y introduced in Definition 2.1
and the special twisted super Yangian 8Y%.

4.1. Quasi-determinants and Gauss decomposition. We shall also need the quasi-determinant presenta-
tion, see [GGRWO05], of Drinfeld current generating series in terms of R-matrix generating series.

Let X be a square (super)matrix over a ring with identity. Let X be the submatrix of X obtained by
deleting the i-th row and j-th column. Let R} be the row matrix obtained from the i-th row of X by removing
x;j and C;- be the column matrix obtained from the j-th column of X by deleting x;;. Suppose X is invertible.
Then the (4, j)-th quasi-determinant of X is defined by the first formula below and denoted graphically by
the boxed notation (cf. [Mol07, §1.10]):

Xll ) le e XITL

def J(yiiy~lei . — .
Xlig Sy = RIXI) T Ch= | xa oo B X
an o o e an .« o o Xnn

By [GGRWO05, Theorem 4.96], the matrix X (u), for both X* and Y?, has the following Gauss decompo-
sition:

for unique matrices of the form
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1 epp(u) -+ en(u) 1 0
E(u) = el gy o | ) ,
0 1 fnvi(u)  fva(u) 1
where the matrix entries are defined in terms of quasi-determinants:
z1(u) o x1i-1(u) z1i(w)
di(u) = S Pl dilw) = di(u)
zi(u) - wiie(u) (v
l’ll(u) s $17i_1(u) xlj(u)
eylw) = dfw| T N
N Z i—ia(uw) - wimi—1(w) x— 1](U)
za(u) - wig—a(u)
zi(u) o xoa(u) o z(u
fii(w) = : : : d;(u).
i) o wiio1(u) T z
zjp(w) o wgiau) fzgi(e )
The Gauss decomposition can also be written component-wise as, for ¢ < j,
xzz + Z fzk em )
k<i
wij(u) = di(w)eij(u) + Y fir(w)di(u)er; (),
k<i
zji(u) = fji(u )+ ngk: u)egi(u).
k<i
We further denote
eij(w) =Y eu T, fia(w) =3 FPu dy(w) =1+ > du
r>1 r>1 r>1
u) = Z eY)u"” = eiiv1(u), fi(u) = Zfi(r)u_r = fi+1i(u), 1<i<N.
r>1 r=1
Set
E(U) = D(u)_l = ~1(U) ® By,
1<i<N
Ew) =B = Y &;u)e EBy(-1)litl
1<i<j<N
F(u) = F(u)™! = Fii(w) @ Bji(—1)lilal+l,
1<i<j<N

Then we have

éij (u) = Z (_1)S€i0i1 (u)eiliz (u) T € vis (u)’

i:i0<i1<...<i5:j

fii(w) = > (=1)" figigoa (W) = figiy () fiyio (w)-

=<1 < <ts=J

“4.1)

4.2)

4.3)

4.4)

(4.5)

(4.6)

4.7)

(4.8)
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4.2. A homomorphism X? — X®. Unlike the case of type Al in [LWZ23], the commutator relations

(m,m’)
(3.11) for type AIII involve summation. Consequently, there is no obvious (natural) embedding from X*® to
X® for a symmetric parity subsequence s of s. From the viewpoint of Satake diagrams, one still expects a
homomorphism from DCfmm/) — X*; recall the definition of DC?m’m,) from (3.15). The main goal of this
section is to construct such a homomorphism, following similar strategy of [JLM18, §3].
For2 <i < 2'(= N — 1), we have

z11(u + 81)win (u) = 2 (v + 61)x11 (0). 4.9)
Therefore
o) D ) = ) )
=a11(u+51)" " (211 (u + 51) 35 (0) — 241 (u + 51)71, (0)).
Set
Tij(u) = w11 (u + 51)2i(w) =z (u + 51)215 (1) = 211 (u + 51) fclll((;‘)) f:lj((;b)) (4.10)

and introduce
T(u) =Y Eaypy @ By, @ T2 (1)
ai.bi 4.11)
= Ri2(51) X1(u + 51) Rl (2u + 51) Xo(u) = Xo(u)R|5(2u + 51) X1 (u + 51) Ri2(51),
where the last equality follows from (3.13).

Lemma 4.1. We have

(D) [z11(u), Ti(0)] = 0,2 < i, <2

@ Tl (u) = Ty (w) (~1)FH1, 2 < 7, < 2

(3) T2 () = —gy (—1)fillial sl il D201 () = gy (—1)linlialinlillizliaipine ()
Proof. (1) Note that by (3.11) we have [x11(u), z11(v)] = 0. It follows from (3.11) that

[z11(u), Tij(v)] = [211(w), 211 (v + $1) 235 (v) — i1 (v + 51) 215 (V)]

5 5
= " _1 an(’v + 51) (-’/Uz‘l (u)xlj(v) — xil(v)xlj(u)) — ﬁl_sl(mﬂ(u)xn(v + 51)
5
— zi1 (v + 81)@11 (0)) 21 (V) — _1 zi1 (v + 81) (211 (w)21(v) — 211 (V)315(0)).
Due to (4.9), it suffices to show that
1 1
" Uffll(v + 1)1 (u) — mﬂfil (w)z11(v + 51)

51
(u—v)(u—v—s7)

sil(v + 51)511(u) =0

which is equivalent to
(v+s1 —u)[z11(v + s1), 21 (w)] = s1 (a1 (v + 51)211 (W) — 21 ()11 (v + 51)).
This follows directly ‘from (3.11).
(2) Computing Fﬁ(u) 2 < 4,7 < 2, using the definition (4.11), one finds that it is given by
(acn(u + 51)x¢j(u) — mﬂ(u + 51)x1j(u)) (_1)\i\|j|+\j\

which coincides with 75 (u)(—1)"11l in (4.10).

(3) Note that (1 — s1Pj2)R12(81) = 2R12(s1). Thus Rj2(s1) remains unchanged when multiplying by
(1 — s1P12)/2 from the left. Then applying multiplication by (1 — s1P;2)/2 from the left to (4.11), one
derives I'12 (u) = —sy (—1)[nlllHlilln R (),
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To prove I‘:;{L]Z (u) = —5 (_1) ‘.71||.72|+‘.71H7«2|+|‘72||Z2|1—‘;;‘ZJ21 (u), using
R12(51)51 (u + 51) '12(2u + 51)52 (u) = Sg(u) '12(2u + 51)51 (u + 51)R12(51)
from (3.13), one exploits the same approach with multiplication by (1 —s; Pj2)/2 from the rightto (4.11). O
We will need the following simplified expression of (3.3) when v = u — s7.

Lemma 4.2. We have the following relations,

P+ P,
Ria(s1)Ri3(u)Ras(u — 51) = Riz(s1) (1 _ u)
u —51
Pi3+ P,
R23(u — 51)R13(U)R12(51) = (1 — M)Rlz(ﬁl).
U — 51

Proposition 4.3 (cf. [JLM18, Lem. 3.6]). The map x;j(u) — T;j(u), 2 < i,j < 2/, defines a homomorphism
X ., — X5
(2,2]

Proof. We first introduce some shorthand notations. Let v and v be parameters. Seta = v — v, a = u + v.
We have the following equality in the superalgebra X* @ End(C?)®4,

Ro3(a — s1)Ri3(a)Raa(a)Ria(a + s1)T12(w)
X Ry(@ +51) Ry (@) Ry3(a + 281) Ros(a + 51)T'sa (v)
= T34(v) Ry3(a + 51) Ri3(a + 251) Ryy (@) Ri4(a + 51)
x I'a(u) Ris(a + s1) Raa(a) Ri3(a) Roz(a — 51).

This follows from the Yang-Baxter equation (3.3), where we also used (3.9), and the relations (3.13). We
shall rewrite both sides of (4.12) by Lemma 4.2 and then equate certain matrix elements.
Consider the right hand side of (4.12). Applying (4.11), (3.13), and Lemma 4.2, we have

Ts54(v)Ry3(a + s1)R3(a + 251) Roy (@) Riy(a + s1)
x I'ia(u)Ria(a + s1) Roa(a) Ri3(a) Ros(a — 1)

P/;+ P} P/, + P} P P, Pi3 + Po:
:F34(v)(1— 13 T 23>(1_ 14:# 24)P12(u)<1— 14 + 24)(1_ 13 + 23>'

(4.12)

a—+ s1 a a a— 51
Then we apply the operator above to a basis vector of the form v ® v; ® vi ® v; for certain j, [ € {2,--- ,2'}.
The application of the factor
(1 Py +P24> (1 D3 +P23)
a a — 51
gives
— 25 1 . 4
a 1 (V1 DV VIOV — VI OV @ VL ® Vj(_1)|1\m+|1||l|+u||l\)
a— 81 a
- 251) . .
_ o vi(—qyui _ Sla = 2s1) | il ‘
e ieviev;ev(-1) ala—sy) 1OVIOVIOVI(-D) (4.13)
e — (w @viov;@vi ()l v 9v,0ov; @ Vl(_1)|1\|1|+|j||l|)).
a(a — s1)

It follows from Lemma 4.1 (3) that I']1"?(u) = 0 and hence a further application of I'12(u) annihilates the

first term in the second line of (4.13). Similarly, consider the action of I'12(u) on the last line of (4.13), we
obtain

T () @ va, ® Vay @ V; @ vy (—1) /ol

—’—Ftlllla2 (u) @ Vg @ Vg OV; Q Vl(_1)|a2”1|+|j”ll'
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It follows from Lemma 4.1 (3) again that the above sum vanishes. We consider the further application
of the rest factors acting on the second term in the second line of (4.13). The application of I'13(u) on
Vi ® vj ® vy ® vy gives vectors of the form v, ® v, ® vi ® vi. A further application the factor

(1_P1’~3+P2’3><1_P1’4—1—P2’4) (4.14)
a+ s1 a

on v, ® vy ® vy ® vy results in

Ve ®Vp Q V] ®Vy
1
a+s1

(Ve @ vy @ vy @ vi(—D)l 4 v, @ vy @ vy @ vy (1))
+ M(VV BV ® Vo @ Vi + Vi ® Vi ® vy ® v (—1) 11Tl

(Vl/ RV, V]I ® va/(_1)|a\|b|+\1|\b\+|1| VRV QVy ® Vl(_1)|a\|b|+\1|\a|+\1|\b\)‘
a—+ s
Again by Lemma 4.1 (3), I's4(v) annihilates the above vectors. Thus it suffices to consider the further
application of the rest factors acting on the terms in the first line of (4.13). Note that the action of I'13(u)
gives vectors of the form v, ® v, ® vi ® v, where 2 < ¢ < 2. A similar calculation as above shows that
the restriction of the image of v, ® v; ® vi ® v, under the operator

1“34(1))(1 B P{~3 + Pé:s) (1 Py Jf P2/4)

a—+ s1 a
to the subspace spanned by the vectors of the form vi ® v; ® vi ® vy with 2 < 7, k < 2’ is nonzero only if
a =1and 2 < b < 2. Moreover,

/ / / / /
(1 - P1§+P23)<1 - P14TP24>V1 RV RV ®V, = ( - @)vl RV Q@ V] ® Ve,
a+1 a a

where the symbol = means we only keep the basis vectors which can give a nonzero contribution to the
coefficients of vi ® v; ® v ® vy, after the subsequent application of the operator I's4(v).

To sum up, we have proved that the restriction of the operator on the right hand side of (4.12) to the
subspace spanned by the basis vectors of the form vi ® v; ® vi ® v; with 2 < 7,1 < 2/ coincides with the
operator

r34(v)(1 - %‘)ru(u) (1 - @)

a

a—251

o 4.15)
a — 28, ,
= P F34('U)R24(U + 'U)F12(U)R24(u — ’U).

Here Ro4(u—v) and R}, (u+ v) are the R-matrices used to define the extended twisted super Yangian X 2
Moreover, the matrix elements for this restriction involve only the series I‘E (u) with2 < 4,5 < 2.

For the left hand side of (4.12), we again apply it to the basis vectors of the form vi ® v; ® vi ® v; with
2 < 7,1 < 2" and look at the coeflicients of the basis vectors of the same form in the image. Then the same
argument as for the right hand side (with the reversed factors in the operators) implies that the coefficients of

such basis vectors coincide with those of the operator

-2 P P}
L2 (1= )i (1 )t
-7l 4.16
a — 251 ( )

= ——— Roa(u — v)l'12(u) Ry (u + v)T'34(0v).
a 51

Again, Ros(u — v) and R, (u + v) are the R-matrices used to define the extended twisted super Yangian
DCfQ o]~ Moreover, the matrix elements for this restriction involve only the series Fﬁ(u) with 2 < 4,5 <2\
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Therefore, by equating the matrix elements of the operators (4.15) and (4.16), we get the R-matrix form of
the defining relations for the superalgebra f)CfQ 2] is satisfied by the series

Tij(u) = T (u)(~1) 1+,
see Lemma 4.1 (2), as required. O

Remark 4.4. In the orthosymplectic Yangian case [Mol24, FT23], the proof of [JLM18, Lem. 3.6] does not
fully extend to the super case as the R-matrix R(1) is not defined in general. In our situation, we can still use
the same strategy of [JLM18, Lem. 3.6] as the R-matrix R(s;) is always defined.

We also need the following generalization of Proposition 4.3. Fix a positive integer m such that m < £

if N=20+1andm < ¢ —1if N = 2¢. Suppose that the generators xz(;) of the superalgebra X?m ) are
labelled by the indices m + 1 < i, < (m + 1) and r > 0.
Proposition 4.5. The mapping

zi(u) ... zim(u)  z15(w)

defines a superalgebra homomorphism X?mvm,) — X*.

Proof. The proof is parallel to that of [JLM18, Proposition 3.7] by using the Sylvester theorem for quasi-
determinants. O

The homomorphisms ,,, have the following consistence property. For [ € N, we have the corresponding
homomorphism

S
wW(LH s x?erl,(erl)’) x?l,l’)
given by (4.17).

Corollary 4.6. We have the equality of superalgebra homomorphisms,
Uf o Y = U5
Proof. Follows from the same argument as in [JLM18, Proposition 3.8]. O
Corollary 4.7. We have the relations
[2ab (), Ym (25 (v))] =0
foralll <a,b<mandm+1<i,j5 < (m+1).

Proof. 1t follows from e.g. [Pen16] that the identities hold for the Yangian Y (g[®). Thus it is proved as the
Yangians of type BCD case [JLM18, Coro. 3.10]; see also [Mol24, Coro. 3.3] and [FT23, Coro. 3.52]. U

4.3. Gaussian generators and their properties. Recall the definition of the central series ¢(u) from (3.16).

Lemma 4.8. In the superalgebra X*, we have c¢(u)dy (u) = di(—u),
di(w)dir1(u) = dy—1 (~u)dy(—u),  &;(u) = fuy(—u),  fii(u) = ejr(—u).

In particular, we have E(u) = F(—u) in matrix form and e;(v) = — fri(—u).
Proof. This is completely parallel to the proof of [LZ24, Lem. 6.8]. U
Lemma 4.9. Suppose m < L%J, then the homomorphism V3, : f)Cfmym,) — X* sends

di(u) = dmyi(u), eij(u) = emyimyi(w), fji(w) = fopjmyi(w).

Proof. The lemma follows from Propositions 4.3, 4.6; cf. the proof of [LWZ23, Corollary 3.2]. g
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Due to Lemma 4.9, we call i3, a shift homomorphism.

Lemma 4.10. Suppose m < LN L|. We have [d;(u),d;j(v)] = 0 for 1 <4,j < N and

[di(u), ej(v)] = [di(w), f;(v)] = 0
for()1<i<mm<j<(m+1)and(2)1<j<mm+1<i<(m+1).

Proof. Note that [d(u), d;(v)] = 0 follows from (3.11) and this implies by Lemma 4.8 and Lemma 4.9 that
[di(u),d;i(v)] = 0for 1 < i < N. The other relations are corollaries of Corollary 4.7, Lemma 4.8, and
Lemma 4.9. g

Lemma 4.11. There is an anti-automorphism n for X*° (and for Y®) defined by
n:X(u) — Xtu), @) e zp(u)(—1) L (4.18)

Moreover, for 1 <1< j< Nand 1 <k < N, we have

n(eij(w) = fi(w) (=D)L 0 (f5i(w) = ey () (=D)L (dy(u)) = dy(u).

Proof. 1t is straightforward to prove that ) defines an anti-automorphism for X* and Y*. Applying 7 to (4.4),
the second statement follows from the uniqueness of Gauss decomposition. U

Lemma 4.12. The superalgebra X® is generated by the coefficients of d;(u) and e;(u), where 1 < i < N
and1 < j < N.

Proof. We say that a series in u~! can be generated if its coefficients can be generated by the coefficients of

di(u) and ej(u), where 1 <i < Nand1 < j < N.

By Lemma 4.8 and (4.8), it suffices to show that ey;(u) with k < [ can be generated. We prove it by
induction on N. The base case N = 2 is trivial. Now assume /N > 3. Then it follows from Lemma 4.9 and
the induction hypothesis that di,(u), €;; (), fji(u) for 2 < k < 2" and 2 < i < j < 2’ can be generated.

Then we prove that ey ;(u) for j > 3. Note that z1;(u) = dq(u)e1;(u), it suffices to show s1;(u) can be
generated by another induction on j. Now let 2 < j < N and suppose that z1;(u) for 1 < k& < j can be
generated. By (3.11), we have

(0 — 0*)[w1(u), 241 (0)] = (u + 0)85 (25 (w111 (v) = 25(0) 21441 (w)
N

+(u—wv)s ((53]/Zx1a/ U)Zq,j+1(v) — 0y ]H)/Zx]a V) Zqj(u )

Taking the coefficients of v, we have
1
1‘1’j+1(u) =5; [33‘1]' (u), $§~7]~)+1] — 5jj/x17j/,1(u) + 517j/,1xj/j (u) (4.19)

Clearly, [a:lj(u),xg-}j)ﬂ] can be generated. If j = j/, then x; jy_1(u) = 1 j_1(u) = di(u)ey j—1(u) can be
generated by induction hypothesis. If j* = 2, then zj/;(u) = x2;(u) can be expressed by

zii(u) = dz(u)egj(u) + fl(U)dl(u)€1j(u), if j > 2.
7 do(u) + fi(u)di(u)er(u), if j = 2.

can also be generated by induction hypothesis. Thus it follows from (4.19) that x1 j11(u) can be generated.

Similarly, one proves that f;; (u) can also be generated. Finally, using (4.8), we find that ey (u) = fj/ 1(—u)
can be generated. Similarly, fx;(u) can also be generated. The proof is complete. 0
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4.4. Special twisted super Yangians. Let/ = L%

we introduce

|. Forafixed symmetric parity sequence s and 1 < i < N,

: 1 1 1
gi:;sj, %:2QN:2;5i:2(m—n). (4.20)

Since s is symmetric, we always have o; + 0r; = 22¢. By convention py = 0.
We define the following generating series, for 0 <¢ < Nand1 < j < N,

(1) if N = 2/ is even, then we set

bi(u) = V-1 fj(u+ Z52), 4.21)
hl(u) = ci,(u + %;gi)diﬂ(u + %;gi); 4.22)
(2) if N = 2¢ + 11is odd, then we set
bi(u) = vV—1f;(u+ Z52), (4.23)
(L’(U-l- %_Qgi)di_:,_l(u-f—%gi), ifi £0,0+1,
hi(u) = ¢ (1+ ) d;(u+ 520 ) digy (u+ 25L),  ifi =, (4.24)
( —%)Ji(u—%)diﬂ(u—sf#), ifi=4¢041.
Here we set dp(u) = dy41(u) = 1. Clearly, we have
N 1
=0\ 1 _
ghz (u—25%) =1~ dnodd o (4.25)

Remark 4.13. Note that our special shifts satisfy
n— 0; » — Ori
2 2

The purpose to multiply v/—1 is to change a sign so that it matches with the relations in Definition 2.1. The
other modifications become apparent later in the calculation of relations of low rank cases.

=0.

It follows from Lemma 4.8 that

hri(u) = hi(—u), (4.26)
bi(u) = —vV—Tesi(—u+ Z522). (4.27)
In particular, if N = 2/ is even, then hy(u) is an even series in v~ '. Moreover, we have
n(hi(w) = hi(w),  0(bi(u)) = =bri(—u)(=DHIFHL, (4.28)
Introduce h; ;- and bj, for 0 < < N,1 < j < N, and r € N as follows,
hi(u) = 14> hipu", bj(u) =D bju " (4.29)
r>0 >0

namely they are coefficients of h;(u) and b;(u).

Definition 4.14. The special twisted super Yangian 8Y* is the subalgebra of Y* generated by b; , and h; , for
1<¢t< Nandr eN.

Define the root vectors b, = bj; fora = o; +--- + ;1 with1 <7 < j < N and r € N recursively
as follows,
bai,r = bz’—i—l,i;r = bi,r> ba,r = bjz';r = [bj—1,07 bj—l,i;r]- (430)
Recall the sets from (2.13),
1 ={1,....0-1}, 1% = {4, if N = 2/;

(4.31)
I ={1,....0}, 2 =g, if N =20+1.
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Proposition 4.15. The ordered super monomials of
{bar, ho,2r his hjor1 | € R i€ 1Y, € 12,7 € N} (4.32)

(with respect to any fixed total ordering) are linearly independent in Y°. In particular, the ordered super
monomials of

{bars hig hjorp1 |a € RT i €1, j € 12,7 € N}

(with respect to any fixed total ordering) are linearly independent in 8Y°.

Proof. Letbq., hi . be the images of by, h; - in the associated graded superalgebra gry*, respectively. Then
by (3.20), we have
Bai;r =v—1s;41 (ei_,_u + (—I)Tel-/fl’i/)zr,
hor = s1(e11 + (—1)"enn)) 2", (4.33)
hig = (Sit1€iv1i01 — Sieii + (=1)"(sip1€0 1,01 — Siepa)) 2"
If1<i<j<N,weseta = a;+---+ aj_1. Then it follows from (4.30) that
Ea,r € Ca (fa + (*1)7419(]0&))27" + Z Cﬁi,r

1<i<N

+ Y Clfut (—1D)(f) 2

peht(p) <ht(a)

(4.34)

where ¢, € C* and ht(u) denotes the height of the root u. It follows from (4.33), (4.34) and the PBW
theorem that the images of the ordered super monomials of these elements are linearly independent in the
associated graded superalgebra gr Y* = U(gl®[2]”), completing the proof. O

We will see soon that they actually form a basis for the corresponding superalgebras.

5. MAIN RESULTS

5.1. Explicit isomorphism. In this subsection we discuss the explicit isomorphism between the twisted
super Yangian Y defined in Drinfeld type presentation and the (special) twisted super Yangians constructed
via R-matrix presentation.

Theorem 5.1. There is a superalgebra isomorphism
O:Y? — 8Y°,

hip = Ny iy = by, ©-1)

forieﬂo,r e N.

Proof. In the next section, we shall prove that the defining relations for Y} are satisfied by the generators
hir, bir of X* constructed by Gauss decomposition; see (4.21)—(4.24) and (4.29). We first verify these
relations for small rank cases and apply the shift homomorphism (see Proposition 4.5 and Lemma 4.9) to
obtain the general case. Since 8Y* is a subquotient of X?, these relations also hold in 8Y*, proving that ® is
a superalgebra homomorphism.

By Definition 4.14 that ® is surjective. Therefore, it suffices to show that ® is injective which reduces to
prove that a spanning set of Y? is sent to a set of linearly independent vectors of 8Y*.

By Proposition 2.4, the ordered super monomials of the elements in the set (2.14) with the index sets given
by (2.13) in Y7 form a spanning set of Y7. It is clear from (2.12) and (4.30) that ® sends by, to by, for
a € RT and r € N. Thus, these ordered super monomials are sent via ® to the ordered super monomials of
the elements in the set (4.32) in 8Y* which are linearly independent in 8Y® by Proposition 4.15. g
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Corollary 5.2. The ordered super monomials of
{bayshir, hjorpila € RTiell,j €12, r e N} (5.2)
(with respect to any fixed total ordering) form a basis of Y? (resp. 8Y°).

We can also obtain a Drinfeld type presentation for the twisted super Yangian Y®. To that end, we use the
following notation.
Set 7’(0) =N, T(N) =0, cp; = —8101; and ¢ = _5N5N—1,i'

Theorem 5.3. The twisted super Yangian 'y® is isomorphic to the unital superalgebra generated by h; ,, b; .,
0<i<N,1<j<N,reN, where |h;,| =0 is even and bj, is of parity |a;|, subject to the relations
(2.1)—(2.8), (4.25), and ho(u) = hn(—u). Moreover, the ordered super monomials of

{bars ho2r, hig, hjorir |a € RY i €Ty, j €12, r € N} (5.3)

(with respect to any fixed total ordering) form a basis of Y*.

Proof. Let )7 be the superalgebra generated by h; ., b;, for 0 < ¢ < N, 1 < j < N, r € N subject to
the relations (2.1)—(2.8), (4.25), and ho(u) = hn(—u). Similar to the proof of Theorem 5.1, there is a
superalgebra homomorphism

= 2)? — HS, hi,r — hiﬁa, bjﬂ” — bj7r.

Indeed, in the next section, the relations (2.1)—(2.8) are satisfied in the extended twisted super Yangian X(®
and hence in Y. The relation (4.25) holds by its construction. By Proposition 3.4, Lemma 4.8, and the
definition of h;(u) in (4.22) and (4.24), the unitary relation (3.12) or (3.14) is equivalent to d; (u) = dN(—u),
ie. ho(u) = hy(—u).

It remains to prove that = is an isomorphism. By Lemma 4.12 and (4.27), = is surjective. Then we prove
the injectivity. By the relation (4.25) and ho(u) = hn(—u), we conclude that

B B 1 s\ —1
ho(u — j)hO(_ u — 5) = (1 - 5N,0dd@) H hz(u - Tg) ’
1<i<N

where o; and s are defined in (4.20). Therefore, hg 2s41 for s € N can be expressed as polynomials in hg o,
and h;, for 1 < ¢ < N and r € N. Thus, arguing as in Proposition 2.4, we prove that the ordered super
monomials in the elements of (5.3) span the superalgebra 2)7. By Proposition 4.15, the images of these
ordered super monomials under = are linearly independent and hence these ordered super monomials form a
basis of )7, establishing the injectivity of =. 0

5.2. Center of twisted super Yangians. As an application, we take the chance to discuss a set of algebraically
independent generators of the center Y* in terms of the generating series d;(u) for i € I.
For a parity sequence, we introduce the following numbers ~;, ¢ € I, by the rule:

M= —581 Y1 =i — 3(5i +8ip1) (54)
Note that we always have
Y + v =0, 1€l (5.5)
Define the quantum Berezinian of the matrix X (u) by
N
Ber®(u) = [ [ di(u+ ). (5.6)
i=1

For instance, if N = 2 and N = 3, then the corresponding Ber(u) are, respectively, given by

dl (U 4 511—52 )Sldz(u - 511—52 )52’ d1 (U 4 51—552 )51d2(u)52d3(u o 51—552 )53.



TWISTED SUPER YANGIANS OF QUASI-SPLIT TYPE A 21

Note that by Lemma 4.8 and (5.5) we have
¢ l 1
SN SN41—4 — . S — . YL
dn (w4 n)™ - do(u+ YN 11-0) = [[di(u+r) = (H di(—u +7) ) SN EN)
i=1 i=1
Set

It follows from (5.7) that

e () (—u) ! if N = 2¢,
pertt) _{ ¥ (u)dpy1(u )5“1@5( w7 N =20+1 oY

Recall ¢(u) from (3.16) and note that ¢(u) = 1 in Y*; see (3.14) and Proposition 3.4. Then it follows from
Lemma 4.8 that
Ber® (u) Ber®(—u) = 1. (5.9
Define the elements C, € Y* by
Ber®(u) =1+ Z Cru™
r>1
Denote by ZY® the center of the twisted super Yangian Y*.

Theorem 5.4. We have the following statements.

(1) The coefficients C, of the series Ber®(u) are central in Y®.
(2) The elements Co.1 for v € N are algebraic free generators of the center ZY* of Y*.
(3) We have 8Y° = Y (sI®) N'Y°.

Proof. (1) By Lemma 4.10, we have [d;(u),d;(v)] = 0 for 1 < 4,j < N. Thus it suffices, by Lemma 4.8
and Lemma 4.12, to verify that

[Ber®(u), e;(v)] = [Ber®(u), fi(v)] =0, 1<i<l:= L%J
Recall the definition of Y(g[[ ]) from (3.15). By (3.11), there is a homomorphism from

Y(glyy) = 9%, tij(w) = z5(u), 1<, <Y,

see also Proposition 6.1 below. Thus if ¢ < ¢, then by [Tsy20, Thm. 2.43] we have €°(u) commutes
with e;(v) and f;(v) if 1 < i < £. Hence it follows from Lemma 4.10 and (5.8) that [Ber®(u), e;(v)] =
[Ber®(u), fi(v)] =0forl <i <.

It remains to verify that [Ber®(u), e;(v)] = [Ber®(u), fe(v)] = 0. Again by Lemma 4.10, it reduces to
verify the statement for the case N = 2, 3 which will be done in Lemma 6.7 and Lemma 6.16 below.

(2) It follows from (5.9) that Co,. can be expressed by C; for i < 2r. Thus it is easy to see by induction that
all C; can be expressed in terms of Co,.1 for r € N. It suffices to prove the statement in the associated graded
superalgebra gr Y*. Let C; be the image of C; in the (i — 1)-st component of gr Y*.

Recall from Section 3.3 that gr Y = U(gl*[z]”). By (3.20), one easily sees that

Corp1 = 2L27", IT=e1+ - +enn.

To complete the proof, it suffices to show that the center of the superalgebra U(gl*[2]”) is generated by the
elements Zz2" with r € N. The rest is very similar to [MNO96, Prop. 4.10] and [Gow07, Lem. 6]. We sketch
the proof.

Instead of working on the twisted current superalgebra U(gl®[z]”), we consider another twisted current
superalgebra U(gl®[z]) defined as follows, see e.g. [MR02,Lu23b]. Let ¢ = (¢1,--- ,tn) be a sequence
such that 1; = 1 for 1 < 7 < £ and ¢; = —1 otherwise. Let @ be the involution of g[® deﬁned by

w : g[5 — 9[57 €5 = Lilj€qj.
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Let glf be the fixed point subalgebra under zw and glf the eigenspace of @ associated to the eigenvalue —1,
g[% = (C<6ij Ly = Lj,’i,j S ]I> = g[ﬁll”ﬂ EBQ[E(Z’N], g[§ = C<€ij 7 75 /,j,i,j S ]I)
Then set
g 2]” =gl D glfz @ g[gz2 @ g[§z3 G-

The superalgebras gl*[z]® and gl*[z]” are isomorphic by a conjugation. Under this isomorphism, Zz?" in
al*[2]® corresponds to Zz?" in gl*[2]”. Let S(gl*[2]¥) denote the supersymmetric algebra of gl®[2]®. It
suffices to prove the corresponding result for S(gl®[z]).

If N = 2, then by our assumption, 5; = s5. Thus all elements in the superalgebra Y* are even. Hence this
follows from the corresponding result for nonsuper case; see [MR02, Thm. 3.4] and [LZ24, Thm. 6.19].

If N > 3, then it is easy to see that the glj-module gIf has no invariant elements. Thus using the same
arguments in [MNO96, Prop. 2.12 & Prop. 4.10], one proves that the center is contained in the subalgebra
S(gl5[2%]), where S(gl5[2?]) denote the supersymmetric algebra of gl$[2?]. Since gl§ = gl®(1.0 & gl¢-N],

2" and

by [Gow07, Lem. 6] for glj[z], the center is contained in the subalgebra generated by Zle €iiz
Z’f\if 11 ;22" for r € N. Note that the center supercommutes with gl7z. Then again by the argument in
[MNO96, Prop. 2.12], one finds that the center is further contained in the subalgebra generated by Z 22" for
r € N, completing the proof.

(3) It is clear by the definition of Y(sI®) and the Gauss decomposition that 8Y° C Y(sI*) N Y*®. Thus,
to show the equality, it suffices to note that we have the corresponding equality in gr Y(gl®) (recall that the

filtration on Y* is induced from the one on Y (gl*)). O
Recall that m is the number of 1’s in the parity sequence s whilen = N —m.

Proposition 5.5. We have the following statements.

(1) If m # n, then we have a superalgebra isomorphism Y°* = ZY® @ 8§Y°.
(2) If m = n, then ZY® C 8Y°.

Proof. (1) As e.g. [LWZ23, Lem. 3.11], one verifies that Y* = ZY® - 8Y*®, where the condition m # n is
needed. Thus it suffices to show that ZY® N 8Y® = {1}. Again, it reduces to the associated graded level
which follows easily from

U(gl¥[2]") = C[Z2*],50 @ U(sF¥[2]?), (5.10)

as the image of 8Y° in gr Y* equals U(s[°[2]”).

(2) Note that s is symmetric. If m = n, then m = n is even and hence N = 2/ with ¢ even. Moreover,
the number of 1’s in s[; 4 is the same as the number of —1’s. Recall d;(u) = dyr(—u) from Lemma 4.8 and
;i = 7 from (5.5). Now it suffices to show that ¢*(u) can be written as a product of h;(v) and hj(v)~*
with various v. This is essentially the same as [Tsy20, Thm. 2.48(b)].

Remark 5.6. 1t would be interesting to construct the super analogues of Sklyanin determinant of S(u) and
compare it with the central series Ber®(u); cf. [MR02, Thm. 3.4].

5.3. Isomorphism between different parity sequences. In this subsection, we discuss the relations between
twisted super Yangians associated to different symmetric parity sequences.

Let s, 5 be parity sequences in Sy, then it is well known that Y (gI*) = Y(gl¥); see e.g. [HLM19, Tsy20].
Specifically, take any o in the symmetric group & such that 5; = §,;) for i € I, then the map

P2 Y(gl%) = Y(),  tii(w) = b (W) (5.11)

defines a superalgebra isomorphism. Recall M; (w) from (3.4). Clearly, we have

Th 0 MG = Mo o -

Thus we further have Y (s[°) = Y (sI®).



TWISTED SUPER YANGIANS OF QUASI-SPLIT TYPE A 23

Let 5,5 be symmetric in Sy, then Y® = Y5 and X = X5. Specifically, take any o in the symmetric
group & such that s; = 5,(;y and o(i)" = o(i’) for i € T, then the map

Q5 X = X5, a(u) > T (1)

defines a superalgebra isomorphism. By Proposition 3.4, 9, (c®(u)) = c*(u) and hence we obtain the
superalgebra isomorphism

235 : Hﬁ — %Js, Tij (’LL) — Z‘U(Z‘)U(j)(u). (5.12)
Here we use the same symbol 3% as the isomorphism (5.12) is compatible with (5.11) by restriction if we
regard Y® and Y¥ as subalgebras of Y(gI®) and Y (gI®) via (3.17), respectively.

Theorem 5.7. Let s,$ be symmetric parity sequences in Sy, then Y; = Yf, i.e. the twisted super Yangians
are independent of the choice of symmetric parity sequences in Sy, (does depend on m and n).

Proof. Note that the superalgebras Y* (resp. Y (sl¥) ) and Y® (resp. Y (s[¥)) are isomorphic via the restriction
of B2 in (5.11). Then the statement follows from Theorem 5.1 and Theorem 5.4 (3). ]

5.4. Quantum Berezinians in different parity sequences. In this subsection, we discuss the relations
between quantum Berezinians in different parity sequences; see e.g. [HM20, CH23] for the results of
more general Manin (super)matrices or super Yangians of type A (cf. also [Tsy20,Lu22]). We first recall
[HM?20, Prop. 3.6] and show by example how it implies [HM20, Thm. 4.5].

Let A be a superalgebra. We call the operators of the form

K=Y Kij®E;(-1)liHhl e 4@ End(C?),
i,j€l
a matrix of parity sequence s if K;; are elements of A of parity |i| + |j| (determined by s). We simply write
itas C = (Kij)i,jell'
We say that KC is a Manin matrix of parity sequence s if K is of parity sequence s and
[Kij, Ku) = (_1)|i||j|+|i|\k\+|j||k|[Kkj7Kz.]

foralli, j, k,1 €1, cf. (3.1).

The symmetric group & acts on matrices and parity sequences by the following rule. For o0 € Gy, we
set 0(K) = (Ky-1(),0-1(j))ijer and 0(8) = (5,-1(1), " -+, 55-1(xv))- By [HM20, Lem. 3.3], if K is a Manin
matrix of parity sequence s, then o(K) is a Manin matrix of parity sequence o (s).

Suppose that IC is a Manin matrix of parity sequence s and has a Gauss decomposition (see Section 4.1)
with the entries of the diagonal matrix given by D = diag(Dy,--- ,Dy). Here and below, we shall always
assume that D; are invertible for any choice of s.

Define the Berezinian of K associated to the parity sequence s by

Ber®(K) = DI'D3? --- DY
The following shows that the action of the symmetric group & does not change the Berezinian.
Proposition 5.8 ({[HM20, Prop 3.6]). Let K be a Manin matrix of parity sequence s and o € Sy. Then
Ber®(K) = Ber”®) (o(K)).

It is well known that 7 (u)e~% is a Manin matrix of parity sequence s, where 7% (u) is the generating
matrix of the super Yangian Y (gl*) and e~% is the difference operator, i.e. ¢=% f(u) = f(u — 1) for any
function f(u) in u; see e.g. [MR14]. Suppose the diagonal matrix in the Gauss decomposition of 7% (u)
is given by ©%(u) = diag(Df(u),--- ,D%(u)). Then the diagonal matrix in the Gauss decomposition of
T5(u)e 9 is given by

D% (u)e % = diag(D5(u)e %, -, D% (u)e ).
Let us consider the following example which was used in [LM21, §4.3] and [Lu21, §3.4].
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Example 5.9. Letm =n=1. Sets = (1,—1) and s = (—1,1). Let 0 = (1, 2) be the simple permutation.
The matrix K is a Manin matrix of parity sequence s if and only if

(K11, Ko1] = [K22, Ko1] = [Koa1, K21] = 0, (K11, K22] = [K12, Ko1].
Then the Berezinians of /C associated to parity sequence s and s are given by
Ber®(K) = K11(K22 — Ko1K K1),
Ber®(0(K)) = Koy (K11 — K12K5y Kon).

It is straightforward to check that Ber® (K) = Ber®(o(K)).
1K= T(u)ﬁe*a“, then D (u) = t;(u) and D5 (u) = t5,(u) — 15, (w)t5; (u) 15, (u) while o(K) =
T3 (u)e%, D% (u) = t5,(u) = t55(u) and D5(u) = 15, (u) — t5,(u)t5 (u) ~1t5, (v). In terms of Gaussian
generators, we have
Ber®(K) = D (u)e % (D5(u)e ) ! = (DY (w)e %) ' D (u)e %, (5.13)
which implies further i i
D (u)D5(u) "t = DY (u+ 1) D5 (u + 1). (5.14)
This shows the equality in [Lu21, Rem. 3.11] and [Lu22, Ex. 3.2]; see also [CH23, Lem. 4.3].

The general case is no different and one obtains immediately the following. Let pf = 0 if 57 = 1 and
¢ = 1if s = —1." Define pf recursively for 2 < i < N by O =9 — %(sl + 5i41), cf. (5.4).

The following is a corollary of Proposition 5.8 with Proposition 5.10 which recovers [CH23, Thm. 4.5]
(with all difference operators moved to the right and then dropped). It was previously used in [Lu21, Lem. 2.2]
and [Lu22, Ex. 3.3]. Recall B33 from (5.11).

Proposition 5.10. We have

N
Bort (7% (u)e~%) = ( [[ 03w+ p)* ) =m0,
=1
In particular,
N

N
B [[ 05w+ )" = [ D5 (u+ 0f)*.
i=1 i=1
Recall Ber®(u) from (5.4)—(5.6). Then we have the following. (Note that Ber(u) is the Berezinian of the
matrix X (u)e~% defined in this subsection.)

Theorem 5.11. Let s, be two symmetric parity sequences in Sg. If we identify the superalgebras J* and
YS via the isomorphism (5.12), then we have Ber®(u) = Ber® (u).

Proof. Note that if N = 2/ + 1, then the parity s, is fixed and depends on the parity of m and n. Note that m
and n cannot be both odd. In addition, a symmetric parity sequence s is determined by its parity subsequence
s[1,¢- Let § be another symmetric parity sequence in Sy, Then a permutation 0 € Gy with s; = 5,(;) and
o(i)" = o (i) for i € I can be chosen to satisfy the property that {1, -- , £} is invariant under o.

Moreover, if N = 2/ + 1, then, by the quasi-determinant presentation of d;(u) in (4.1), the series dp11 ()
remains the same under the permutation o we choose. Thus, by (5.8), it suffices to show that €%(u) is
independent of s.

Recall the definition of Y(g[fz]) from (3.15). By (3.11), there is a homomorphism from

see also Proposition 6.1 below. Moreover, the homomorphism sends ©;(u) to d;(u) for 1 < i < ¢. Recall
from (5.4) that v; = » — %51. Since s remains the same for all symmetric parity sequences, the claims

follows from Proposition 5.10. O

IThe definition is clear from (5.13)—(5.14) as if s; = —1 one has to move e?* through to the right which creates a shift by 1.
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6. RELATIONS BETWEEN (GAUSSIAN GENERATORS

In this section, we work out the relations of type A and the relations between Gaussian generators when
N = 2,3,4,5. For low rank situation, there will be two main cases, i.e. with a fixed point (N = 2, 4) for the
the Dynkin diagram automorphism 7 and without a fixed point (N = 3, 5).

6.1. Relations of type A. Suppose N > 2m > 4. Recall the definition of Y(g[[ ]) from (3.15). By (3.11),
there is a homomorphism from

Y(g[[sm]) — Hs, tij(u) —> xij(u), 1 < ’i,j <m.

Therefore, the relations among d;(u), ej(v), fr(w) for 1 <4 < mand 1 < j,k < m are the same as those
in Y(g[[ ]) These relations are given in [Gow07,Pen16,Tsy20] which we shall list below.

LetE—LNJ For1 <i </, set

=S,y =S, Gilu) = di(w)dig (u).

r>2 r>2

Proposition 6.1. The following relations hold in X*, with the conditions on the indices 1 < i,j < £ and
1<k 1LY,

(di(u), di(v)] = 0,
fes(u), £5(0)] = digsipy LD =G(0)

(1) 5(0)] = 8B 1 — o) B 20D,
00, 0] 8 = o) L= SO
i), i) = 5 AL AT

(), fiw)] = s LD FC

i) s (0] = L) [0 =0, e =0

Moreover, we have, for 1 < i < {— 2,

uleg (u), i1 (v)] = vlei(u), €31 (V)] = sivrei(u)eira(v),

ulfirr(v), 77 ()] = 0[fi1 (0), fi(w)] = $it1 fira () filw),

and the cubic Serre relations, for 1 < i,j < L with |i — j| =1,

[ei(u), [ei(v), e5(w)]] + [es(v), [ei(w), ej(w)] =0,
[fiw), [fi(v), £ @)]] + [£i(v), [fi(w), £ (w)]] =0,
and the quartic Serre relations, for 1 < i < 1 = |ait1| =0,

[lei—1(u), etV], e, espi (v m = {[fiﬂ(u),ff% 1Y, fe ()] = 0.

Comparing to [LZ24], the quartic Serre relation is new. We verify the relation (2.6) here. By Proposition
2.6 (and its proof), it suffices to establish the following.

Lemma 6.2. Ifi+ 1 < L Jori—12> LNHJ then

e etV et e ] = (1M, £ LY, 1] = o
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Proof. We first consider the case i + 1 < [4] and [[e(l) e(l)], [e(l) eV ]]. By (3.11), we have

i-1 € i Citl
(1) (1) (1) (1) )

e e (D)
[5’7171,2‘7%”1] =5iT; 11 [xi,i+17$i+1,i+2] = 8i41T; 1o

Again by (3.11), we have [xgl_)lz 41 xz(lz{ﬂ] = 0. Since egl) = a;;l]) 15 the desired relation follows.

The other situations are obtained by applying the anti-automorphism 7 and Lemma 4.8 to

1 1 1 1
e, etV], e, el]] = o;

see also Lemma 4.11. O

Recall Lemma 4.8 and the definition of h;(u), b;(u) from (4.21)—(4.24). It is clear that the commutator
relations (2.1)—(2.6) between the generating series h;(u), b;(u) for ¢ not close to ¢ can be deduced from the
relations listed in Proposition 6.1 (exactly as Y (s [f’z] )) and Lemma 6.2; see also Lemma 2.3 and Lemma 4.10.

Thus, we are left with verifying the relations for ¢ close to £. By Lemma 4.9, it suffices to do that for the case
when N is small, namely NV = 2, 3,4, 5. Note that the case /N = 4, 5 is mainly for the Serre relations.

6.2. Relations in the case N = 2. In this case, we have 51 = s5. All elements here are even.

Lemma 6.3. We have the following relations in X(51:52),

[di(u),d;(v)] =0, (6.1)
e(u) = —f(-u), (6.2)
Jl(u)dg(u) = ~1(—u)d2(—u), (63)
i), F)] = 2 (F() = FE) () + - da(w)(ew) + F(0)), (64
(da(u), F(0)] = 2 (F(0) = f()dau) = da(u)(elw) + F(0)), (65)
[F (), f0)] = =2 (F () = f()? + = (@ (Wda(w) — i (v)da(v)). (©6)

Proof. Equations (6.1)—(6.3) follow directly from Lemma 4.8 and Lemma 4.10.
]Equations (6.4)—(6.5)\. Settingi =j =k =1and ! = 2in (3.11) and using (6.1), we have
(w? = v*)[d1(w), e(v)] = s1(u+v)di(u)(e(v) — e(w)) = s1(u = v)(e(v) + f(u))di(w). (6.7)

Thus (6.4) follows from (6.2) and (6.7). By Lemma 4.8, we have dy(u) = c(u)d;(—u). Note that c(u) is
central. Therefore (6.5) follow from (6.2) and (6.4).

Equation (6.6)|. Setting¢ = k = 1 and j = [ = 2, we have

(u~ v)[z12(u), z12(v)] = 51 ([a:lg(u), x12(v)] + 211 (w) 222 (V) — xn(v)xgg(u)).

Rewriting it in terms of Gaussian generating series, we obtain
dy(u)e(u)dy(v)e(v) — dy(v)e(v)di(u)e(u)
51 (d1 (w)e(u)di(v)e(v) — di(v)e(v)di(u)e(u) + di(u)de(v) (6.8)

:u+v
+ di(u)f(v)di(v)e(v) — di(v)da(u) — di(v) f (u)dl(u)e(u))

By (6.7), we have
e(0)di(u) = di (We(v) — —dy(w)(elv) — e(w) + - (e(0) + f@)h (). (69)
Using (6.9) to commute e(u)d;(v) and e(v)d;(u) in (6.8), we find that the Lh.s. of (6.8) is transformed to

1 () (0)[e(w), €(0)] — 2 (w)da (v) (e(u) — e(v))?

51
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2 (d(we(u)ds (v)e(v) + dy(w) f(0)ds (v)e(v)
— di(v)e(v)d (we(w) — di (v) f(w)ds (w)e(w) ).
Thus it follows from (6.8) that
e(u), e(®)] = 2= (e(u) = e(v))? = =2 (di (w)da(u) — di (v)do(v)).
By (6.2), we obtain (6.6). [l

It is convenient to use the following notation. We write
A(u,v) ~ B(u,v)

if A(u,v) and B(u,v) have the same coefficients of u~"~'v=5~! for r, s € N. We sometimes use the same
notation for the case € Z and s € N. When the case r € Z is used, we will clarify it further.

Recall b(u) = /—1f(u) and h(u) = di(u)ds(u) from (4.21) and (4.22), respectively. Here we drop the
subscript ¢ as the rank is one.

Lemma 6.4. We have the relations in X152) in terms of generating series,
51

b(w). b(®)] =~ (b(u) — b{o))? ~ " (h(u) - h(v)),
[h(u),b(v)] ~ 2 i 2 ((251v + 1)h(u)b(v) + (2510 — 1)b(v)h(u)).
Proof. The proof is parallel to that of [LWZ23, Lem. 4.2]. g
Proposition 6.5. In terms of components, we have
[ler, hs] = 0,

[br—i-h bs] - [bra bs—‘rl] =51 (brbs + bsbr) - 2(_1)r51hr+s+17
[hT+2, bs] — [hr, bs+2] = 251(()54_1]17« =+ hrbs+l) + [hr, bs].
Here in the last equality we allow r € Z with h_1 = 1 and h, = 0 for r < —1.

Proof. The proof is parallel to that of [LWZ23, Prop. 4.3] by taking the coefficients of «~""1v=5~! for
r,s € N from the relations (expanded in the region |u| > |v|) in Lemma 6.4. Note that we can take r € Z in

the third relation as the power of v in the terms we dropped are nonnegative; see the proof of [LZ24, Prop.
7.16] for more detail. O

Remark 6.6. If we set b(u) = f(u), then we have

b(1), ()] = == (b(u) — b(v))” + = (h(w) ~ h(v)).

The purpose to use b(u) = +/—1f(u) is to change 4 above to — so that it will match with the nonsuper split
case in [LWZ23].
Lemma 6.7. The coefficients of dy(u)da(u — s1) are central elements in X*.

Proof. Since [d;(u),d;(v)] = 0and e(u) = — f(—u) by (6.1) and (6.2), respectively, it suffices to prove that
[di(u)d2(u — s1), f(v)] = 0. By ignoring the terms like f(u)d;(u) and d;(u)e(u) in (6.4) and (6.5) (as
these series do not contribute if we expand them in the region |u| > |v]), we have

di(u) f(v) ~ f(v)di(w),

(u+v)(u—v—-s71)
(u+v—s1)(u—v)
o) F(0) = (MBI ) ),

Thus d; (u)da(u — 1) f(v) ~ f(v)di(u)da(u — s1) and the statement follows. O
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6.3. Relations in the case N = 4. Let us consider the case N = 4 with s = (s1, 62, 53, 64) such that 57 = s4
and s9 = s3. Thanks to Lemma 4.9, we have the shift homomorphism
Y s X2 000 di(u) = diga(u),  e(u) = ea(u),  f(u) = fa(u).

Thus, by Lemma 4.8, Lemma 6.3 and Proposition 6.1, we immediately have the following relations

[di(u),d;j(v)] = [di(u), e2(v)] = [d1(u), f2(v)] =0, (6.10)
(u—v)[er(w), fr(v)] = s2(di(u)d2(u) — di(v)da(v)), (6.11)
(u—v)[er(u), e1(v)] = s1(e1(u) — e1(v))?, (6.12)
(u—v)[di(u), e1(v)] = s1d1(u)(e1(v) — er(w)), (6.13)
(u —v)[da(u), e1(v)] = s2d2(u)(e1(u) — e1(v)), (6.14)
(u—v)ldi(u), fi(v)] = s1(f1(u) — f1(v))di(u), (6.15)
lea(w), ea(v)] = u5_2 —(ea(u) = e2(v)” - uf — (da(w)da(w) = da(v)ds (v)). (6.16)

We reformulate (6.12) when || = 1 is odd for later use.
Lemma 6.8. Ifs; # so, then the relation (6.12) is equivalent to [e1(u), e1(v)] = 0.

Proof. 1t is straightforward since if 51 # s9, then the LHS of (6.12) is anti-symmetric in u, v while the RHS
of (6.12) is symmetric in u, v. ]

Lemma 6.9. We have
(u —v)le1(u), e2(v)] = s2(e1(u)ea(v) — e1(v)ea(v) — erz(u) + e13(v)), (6.17)
(u—v)[f2(v), fr(w)] = s2(f2(v) fi(u) = fo(v) fi(v) = fsr(w) + f51(v))- (6.18)

Proof. By Lemma 4.8 or applying the anti-automorphism 7 from Lemma 4.11, it suffices to show (6.17). By
(3.11), we have

(u = v)[a12(u), 223(v)] = 52 (222(u)213(v) — 222(V) 713 (1))
Note that |as| = 0. In terms of Gaussian generators, we have

(u—v)ldi(u)er(u), dz2(v)ez(v) + fi(v)di(v)eis(v)]
=89(da(u) + f1(u)di(u)er(u))dy(v)ers(v) — s2(da(v) + fi(v)di(v)e1(v))di(u)eis(u).
We shall transform the LHS of (6.19). Expanding the commutator, the LHS of (6.19) becomes
(u—v) (dl(u)el(u)dﬂv)ez(i}) — da(v)ea(v)di(u)er(u)

+ di(u)er(u) f1(v)di(v)erz(v) — fi(v)di(v)eis(v)dy (U)€1(U)>-

Permuting the products e1 (u)d2(v), e2(v)dy(u), and e (u) f1 (v) using (6.14), (6.10), (6.11), respectively, we
have

(6.19)

dy (u) ((u — v)da(v)er(u) — sadz(v)(e1(u) — e1(v)))e2(v) — (u — v)da(v)di (w)ea(v)er (u)
+d; (u) ((u — v)slsgfl(v)el(u) —+ 52621(u)d2 (u) — 52621 (’U)dg(v))dl (1})613(12)
— (u—v) fi(v)di(v)ers(v)di(u)er(u),
which simplifies further to
dy (u)dz(v) ((u — v)[e1(u), e2(v)] — s2(e1(u) — e1(v))ez(v) — s2e13(v)) + s2d1 (v)d2(u)er3(v)
+(u —v)(s152d1 (u) fr(v)er (u)di(v)ers(v) — fi(v)di(v)erz(v)di(u)er(u)).
Therefore, it suffices to show that
(u — v)(s182d1 (u) f1(v)er (w)dy (v)ei3(v) — fi(v)di(v)ers(v)di(u)er(u))
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=sa(fi(u)di(u)er(u)di(v)ers(v) — fi(v)di(v)er(v)di(u)ers(u))

Applying (6.15), i.e. (u—v)di(u)f1(v) — s1f1(u)di(u) = (u—v)f1(v)di(u) — s1f1(v)dy(u), it reduces
to show

(u—w)[di(u)er(u), di(v)ez(v)] = s1(di(u)er(u)di(v)ers(v) — di(v)er(v)di(u)es(u)),  (6.20)

which is equivalent to (u — v)[z12(u), z13(v)] = s1(z12(w)z13(v) — 212(V)213(1)) and follows from
(3.11). O

Lemma 6.10. Ifs; = so (i.e. |a1| = 0), then we have
le1(u), e13(v) — e1(v)ea(v)] = —[e1(u), e2(v)]er(u). (6.21)
Proof. It follows from (3.11) that
(u—v)[z11(u), 213(0)] = 81 (z11(w)213(V) — 211 (V)T 13(0)),

which implies that

(u—v)[di(u),e13(v)] = s1di(u)(e13(v) — erz(uw)). (6.22)
We have
51 (d1 (u)er(u)di(v)ers(v)—dy(v)er(v)di(u)ers (u))
O 4y (u) (s1d1 (v)er () + i (v) (€1 (u) — €1(v)))ers (v) (6.23)

—dy(v) (sldl (u)ei(v) + uivdl (u)(eq(u) — el(v)))elg(u).

On the other hand, we also have

s1(di(w)er(u)di(v)ers(v) — di(v)er(v)di(u)ers(u))
)

2 (u — ) (dr (wer (u)dr (v)ers(v) — di (v)ers(v)da (uw)es (u)
(6.13)(6.22) 6.24)
=== d1(u)((u — v)di(v)e1(u) + s1d1(v)(e1(u) — e1(v)))e13(v)
— d1(v) ((u—v)di(u)ers(v) — s1d1(uw)(e13(v) — e13(w)))er(w).
Combining (6.23) and (6.24), we obtain
(u = v)fex(u), e13(v)] = i ” (e1(u) — e1(v)) (e13(v) — ex3(u)) 625)
+ 5161(2)) (613(’0) — 613(11,)) — 51 (613(’0) — 613(11,))61(11,).
To prove (6.21), it suffices to show
(u—v)[e1(u),e13(v)]
= (u—v)([e1(u), e1(v)]ea(v) + e1(v)[er(u), ea(v)] — [e1(u), e2(v)]e1(u))
LD 5161 (u)[ea(w), e2(v)] = sifen (u), e1(v)es(v)]
+s1e1(v) (e13(v) — ex3(u)) — s1(e13(v) — exz(u))er(w).
Therefore, by (6.25), it reduces to show
siei(u)ler(u), e2(v)] — siler(u), e1(v)ea(v)] = " i ” (e1(u) — e1(v)) (e13(v) — e13(u)). (6.26)
Rewrite (u — v) (e1(u)[e1(w), e2(v)] — [e1(u), e1(v)ez(v)]) as
(u—v)(e1(u)er(u), e2(v)] — [e1(u), e1(v)]ea(v) — er(v)e1(u), e2(v)]),
then (6.26) follows from (6.12) and (6.17). ]

Lemma 6.11. We have the following Serre relation,

[e1(w), [e1(v), ea(w)]] + [e1(v), [e1(u), e2(w)]] = 0.
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Proof. If 51 = 59 (ie. || = 0), then the proof is parallel to that of [Pen16, Lemma 6.3] as the commutator
relations used in the proofs are the same, see (6.12), (6.17), (6.21). If 51 # s (i.e. |ay| = 1), then the
relation follows from (6.12). O

Remark 6.12. Note that the calculations above involve only relations of nontwisted super Yangians of type
A; cf. the proof of Corollary 4.7.

Lemma 6.13. We have the following finite type Serre relation,

0, 0, 7] = 0

Proof. Note that \egl)\ = 0. By (3.11), we have
(u — v)[a13(u), 232(v)] = 52 (233(uw)212(v) — 233 (V)7 12(10)).

Thus [z13(u), a:ng)] = s9x12(u) which transforms to

(di(wers(u), f3") = s2dr (w)er (w).
By (6.10), we conclude that [e13(u), f2(1)] = s9e1(u). Finally, the desired relation follows from Lemma 4.8
as es(u) = — fo(—u) implies that f2(1) = egl). O
Recall b; » and h; , fori € {1,2,3}, r € N from (4.21), (4.22), and (4.29).
Proposition 6.14. The relations (2.1)—(2.7) hold in X*.

Proof. The proof is similar to the proof of the nonsuper case [LZ24, Prop. 7.16] by using the relations
established in this subsection; see also Proposition 6.17 below. O

6.4. Relations in the case N = 3. In this case, we have § = (81, 59, 63) such that 57 = s3. We start with
listing relations between Gaussian generators d;(u), d2(u), e1(u), f1(u), cf. Lemma 4.8.

Lemma 6.15. We have

[di(u), d;(v)] =0, 6.27)
di(u), 1 (v)] = Zdi(w)(ea(v) = ex(w), (628)
d1 () i(v)] = == (fi(w) = f1(0)s (), (629)
e1(u)e1(v)] = 2= (er(w) — ea(v)? (6:30)
[A), i) = =2 (A(w) = L)% (631)
e1(w). S1(0)) = = (d () da(w) = di (0)da()) + = (ers(w) + €1 (W1 (0) + fn(v)), (632)
(da(u), 1 (v)) = - da(w)(ea(w) = e (v)) = 2 (ea(v) + folu)da(w) (633)
da(u), fu(0)) = 22 (A(0) = fu(w)da(w) + 2 daw) (fi(0) + ea(w). (634)

Proof. We verify the essential relations as the other relations follow from the essential ones by taking the
anti-automorphism 7; see Lemma 4.11.

The relation (6.27) follows from Lemma 4.10. Then (6.28) follows from (3.11) withi = j =k =1,1 = 2
and [d1(u), d1(v)] = 0. Applying the anti-automorphism 7 to (6.28), we obtain (6.29).

[Equation (6.32)]. We first claim that
(u—v)([d1(u)er(w), f1(v)di(v)] = di(u)ler(u), fi(v)]di(v))

(6.35)
= so(f1(u)dr(u)er(u)di(v) — fi(v)di(v)ei(v)di(u)).
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This is equivalent to

((u—w)dy(u) fr(v) — s1.f1(u)di(u))er(u)di(v)

= fi(v)di(v) ((u —v)dy(u)er(u) —s1e1(v)dy (u))

Note that by (6.29), we have

(u = v)di(u) fi(v) = s1f1(u)di(u) = fi(v)((u = v)di(u) — s1d1(u)).
Hence, to prove (6.35), it reduces to show

((u—v)di(u) — s1d1(w))er(w)dy (v) = di(v) ((u — v)di(u)er(u) — s1e1(v)dy(u)),

that is

(u—v)di(u)[di(v), e1(u)] = s1(di(v)er(v)di(u) — di(u)er(u)di(v)).
Applying (6.28) to the LHS, it transforms to

di(v)[di(u), e1(v)] = di(u)]di(v), e1(u)]

which follows directly from (6.28) by applying it to both sides.
Let us come back to (6.32). By (3.11) with¢ = [ = 1 and j = k = 2 in terms of Gaussian generators, we
have

(u? = v?)[di (w)er(u), f1(v)d(v)]
= (u+v)s2(d2(w)d1 (v) + fi(u)di(u)er(u)di (v) — da(v)di(u) — fi(v)di(v)er(v)di(u))
+ (u — v)sa(di(w)ers(u)di (v) + di(u)er(u) fi(v)di(v) + di(u) f31(v)d1(v)).

Now using (6.35) for [dy(u)es(u), fi(v)d;(v)] and multiplying d;(u), di(v) from the left and the right,
respectively, one finds (6.32).

Equation (6.30)|. By (3.11) withi =k =1 and j = [ = 2, we have
[212(u), T12(v)] = s1(z12(0)212(V) — T12(V)T12(W)).

There are two cases depending on the parity of |a .
(1) If s; = s9, then we have [x12(u), z12(v)] = 0 which implies that

di(u)er(u)dy(v)er(v) = di(v)er(v)di(u)er(u).

Using (6.28) to commute d; (u) and e; (v), we have

i () (i (v)er () + =i (v) (€1 (1) = e1(v)) )1 (v)
= di(0) (i (wer(v) + i () ea(u) = e1(v)) e (u).
Canceling d; (u)d;(v), we obtain (6.30).
(2) If 51 # s9, then
[.CC§12),.’L‘12(’U)] =0= [egl),dl(v)el(v)] = 0. (6.36)
Therefore, we have
di(v)[e, e1(v)] = [dr(v), eiV]er (v). (6.37)
It follows from (6.28) that
[V e1(v)] = s1e1(v), (6.38)
[d1 (w), €] = s1di (wer (u), (6.39)
[ e1(v)] — v[dV, e1(v)] = s1dVey (v) — 51tV (6.40)

Combining (6.37) and (6.39), we have
e, e1(0)] = s1ea(v)? (6.41)
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Set 011 = d® — 1(d{")2 — Ls;d{", then it follows from (6.38) and (6.40) that

1.1, e1(v)] = 51 (ver(v) — el)) = 01,1, ] = sl (6.42)

By Lemma 6.8, it suffices to show that [e; (u), e1(v)] = 0, i.e. [eY), (s )] = Oforall r, s € N. Considering
the coefficient of v=! in (6.41), it is immediate that [egl), egl)] =0or (e 51)) = 0. Similarly,

. e = sl =0, [ ) =il P = 0. (6.43)

Applying [01,1, - ] to the first equality of (6.43), we obtain

0= [011’ [egl),e?)ﬂ — 4 [eg )’ (2)] + 5 [egl), (3 )]‘

Hence, by (6.43), we have [6&2), eg )] = 0. Now we prove by induction on r + s that [egr), egs)] = 0 whose
base case is proved above. By induction hypothesis and (6.41), we have
(1) (o) _ 8L [ () (i)
le;’,e; ] = 5 Z le;’, e ]=0. (6.44)
i=1
Applying [01,1,-] to [egr), eg‘s)] = 0, we have
e &) + [ el = 0, (6.45)

The desired statement follows from (6.44) and (6.45).
Equation (6.33)|. Taking the coefficients of w in (3.11) with¢ = 1,5 = k = [ = 2 in terms of Gaussian

generators, we find that

(e, da(v) + f1(0)da (v)er (v)] = s2(di (V)er (v) + f2(v)da(v) + fr(V)ds(V)er(v)).  (6.46)
It follows from (6.36) that

et di (v)e (v)] = 0. (6.47)
Note also that by (6.32) we have
eV, 1 (0)] = 52(1 = di (v)da(v) + fa1(v)). (6.48)
Combining (6.46), (6.47), and (6.48), we conclude that
eV, da(v)] = s (da(v)er(v) + fa(v)da(v)). (6.49)

By Lemma 4.8, we have f2(v) = —e;j(—v). Therefore, we find that
(6.39)

di(u)[e1 (u), da(v)] =" [di (wer (), da(v)] = s1]ds (u), [}, da(w)]]

s5152[d1(u), da(v)e1(v) + fa(v)da(v)]

s5152da(v)[d1(u), e1(v)] + s152[d1 (u), fz( )dz2(v)

2 22 (0)dy(w) (e2(v) = e1()) + ——d () (e2(w) + fo(v))dav),

U —
completing the proof of (6.33). O

(6.27)
(6.49)

(627)

Lemma 6.16. The coefficients of di (u + 2522 )91 dy (u)*2ds(u — 22523)%3 are central elements in X°.
Proof. The proof is similar to that of Lemma 6.7. g

Recall b; , and h; , for i € {1,2}, r € N from (4.23), (4.24), and (4.29).
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Proposition 6.17. We have

[hir, hjs) =0, hip = (1) hriy, (6.50)
Bir+1,b5,5] — [birs bjsi1] = %{bi,r; bjst —20i75(—1)"8ihririsi1s (6.51)
[hirt2,bj,s] — [Pir, bjst2] = w{hz r+1,bjs}

+ B by} + T [ b ) (6.52)

Here in the last equality we allow v € Z with h; _1 = 1 and h; , = 0 for r < —1.

Proof. We give a brief proof; see the proof of [LZ24, Prop. 7.20] for more detail.
The relation (6.50) is clear from (4.26), Lemma 4.10, and the definition of h; . The relation (6.51) for
i = j is obvious from (6.30) and (6.31). Then we consider the case (i,j) = (1,2). It follows from (6.32)
and e1 (u) = — fa(—u) (by Lemma 4.8) that
Csi(u—v) 5

(u —v)[f1(u), f2(v)] =~ P da(v)ds(v) — s1f2(v) f1 (u),

in the region [u| > |v|. Here we dropped terms like dy(w)da(u), f31(u), er3(—v) and used da(v)dz(v) =
dy(—v)dz(—v) from Lemma 4.8. Thus we have

(w=v+ 2) i), ba0)] = (1

which implies further

2510
u-+v

)hQ(v) — s1ba(v)bi (),

(1= )b () ba(0)] = =2 {01 (), ba(0)} — — (o).

By taking the coefficients of u="~1v =5~ with 7, s € N, we obtain the relation (6.51) for (i, j) = (1,2).
We consider the relation (6.52). Note that h1(u) = ha(—u) by (4.26) and the anti-automorphism 7 sends

b1 (u) to a scalar multiple of by(—u). It suffices to consider the case (i,j) = (1,1). It follows from (6.29)
and (6.34) that

[d1 (w)da (), f1(v)]
51+ 59 o~ (6.53)
= - @) (f1(v) = fi(w)da(w) + —Edi(w)da(u) (f1(v) + ea(u)).
There are two cases depending on the parity of a;.
(1) If 51 # 59, then ¢11 = co0 = 51 + 2 = 0 and ¢12 = ¢o1 = —s9. Thus by (6.53) we have

(u+v)[h1(u), by (v)] = %{hl(U)a bi(v)}

Multiplying it by (u — v) and taking the coefficients of «~"~'v~*~! with » € Z and s € N, one finds the
relation (6.52) for (7, j) = (1, 1) for this case.
(2) If 57 = 59, then by (6.53) we have

(1 (wdau), f1(0)] = P2 () i (0)da(w) + =2 d (w)da(w) i (0), (6.54)
where we dropped terms like dy (u) f1 (u)dg(u) By (6.29), we find
S B AW = i) )

Plugging it into (6.54) and clearing the denominator, we obtain
5
(u + v+ §2> (u —v - 52) [hl(u), bl(v)]

N252<u+v n )bl( Yo (1) + 53 (1 — v — 53) hy ()b (v),
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which gives rise to
(u® — %) [l (u0), by (v)] = (%u +20) (), a(0)} %[hl(u), b (0)].

Taking the coefficients of u~ with r > —2, s € N, one finds the relation (6.52) for (7,5) = (1,1)
if 51 = s9. O

r—l,U—s—l

By Proposition 2.5, we need one more lemma for the Serre relations among generators of degree zero,
which will be sufficient to deduce more general Serre relation (2.7).

Lemma 6.18. We have
61,0, [b1,0,b2,0]] = 2(1 4 8152)b1,0,  [b2,0, [b2,0,b1,0]] = 2(1 + 5182)b2 0.

Proof. We only prove the first relation. The other one is similar or can be obtained by taking the anti-
automorphism 7 from Lemma 4.11.
It follows from (4.23), (6.32), and Lemma 4.8 that

1
[b1.0:b20] = — [/, £V = = [V, elV] = =51 (hl,o Vi féi)).
On the other hand, setting ¢ = 2,j = k = 3,1 = 1in (3.11), we find
5
[x23(u), 231(v)] = " _1 ” (z33(u)z21(v) — 233(V) 221 (1)),

which implies further
1 1) (1
bro, £57)) = V=TI’ f31 ] = V=1les”, )]
vV — 1 [.’/U23 ,:E31 ] vV —1511’%11) =V —lﬁlfl(l) = 51b1,0.
Since by (6.52) that [h 0, b1 o] = (51 + 282)b1 0, the first equality follows. O

6.5. Relations in the cas N = 5. To complete, we still need to verify certain Serre relations which reduce
to the case of X®. This is very similar to Section 6.3. It turns out that the calculations of this case will be
exactly the same as the Yangians Y (gl7,,)).

Lemma 6.19. We have the following Serre relations,
[e1(u), [e1(v), ez(w)]] + [61(1)), le1(u), ez(w)]] =0,
[e2(u), [e2(v), e1(w)]] + [e2(v), [e2(u), er(w)]] = 0.

Proof. The lemma above can be proved similarly to Corollary 4.7 as follows. The series e (u) is expressed
in terms of x11(u) and x12(u) while eg(u) is expressed in terms of 11 (u), 13(u), 21 (u) and z93(u). Note
that the commutator relations between these series xq5(u) are the same as in Y (glfy;) (with 245 (u) replaced by
tap(w)); see (3.1) and (3.11). Thus these Serre relations hold as the same Serre relations hold in Y(g[f3]). [l

Remark 6.20. Alternatively, one can prove the lemma following the strategy of [LZ24, Lem. 7.24].
Corollary 6.21. We have the following Serre relations in X?,
(b3 (w), [bi(v), by (w)]] + [bi(w), [Bi(u), b (w)]] = 0,
for the pairs (i,j) = (1,2),(2,1),(3,4), (4,3).
Proof. Follows from Lemma 6.19 by applying the anti-automorphism 7 and Lemma 4.8. U

The Serre relations for the pairs (¢, j) = (2, 3), (3, 2) follows from the corresponding relations in X7, .21
with the shift homomorphism {; see Lemma 4.9, Lemma 6.18, and Proposition 2.11.
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