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A BSTRACT. I study representation theory of quantum groups and its deep connections to quantum integrable systems, geometric Langlands correspondence, using a combination of algebraic, analytic and geometric methods. In
the next few pages, I intend to give an overview of my research and of the techniques used.

1. M OTIVATION
Quantum spin chains are one of the most important models in integrable system. They have connections with
mathematics in many different aspects. To name a few, for example
(1) Quantum groups, see [Dri85,CP94]: finite-dimensional irreducible representations of quantum affine algebras were classified in [CP91, CP95]. The character theory of quantum group, was introduced for Yangians in
[Kni95] and for quantum affine algebras in [FR99]. It turns out to be one of the most important tool for studying the representation theory of quantum groups. As described in [FR99], the q-character of quantum affine
algebras is essentially the Harish-chandra image of transfer matrices which are generating series of Hamiltonians of quantum spin chain. Conversely, the q-character itself also carries information about the spectrum of
transfer matrices when acting on finite-dimensional irreducible representations, see [FH15, Theorem 5.11] and
[FJMM17, Theorem 7.5].
(2) Algebraic geometry: in the work [MV04], it is shown that the Bethe ansatz for Gaudin model of type A is
related to the Schubert calculus in Grassmannian. This connection was further established in the work [MTV09],
where the algebra of Hamiltonians (Bethe subalgebra) acting on finite-dimensional irreducible representation
of the current algebra is identified with the scheme-theoretic intersection of suitable Schubert varieties. This
result gives the proof of the strong Shapiro-Shapiro conjecture and transversality conjecture of intersection of
Schubert varieties. Moreover, a lower bound for the numbers of real solutions in problems appearing in Schubert
calculus for Grassmannian is given in [MT16].
(3) Quantum cohomology and quantum K-theory: it is shown in [GRTV12] that the quantum cohomology
algebra of the cotangent bundle of a partial flag variety can be identified as the Bethe subalgebra of Yangian
Y(glN ). Moreover, the idempotents of the quantum cohomology algebra can be determined by the XXX Bethe
ansatz method. There are also parallel results for equivariant cohomology and quantum K-theory corresponding
to Gaudin model and XXZ spin chains, respectively, see [RSTV11, RTV15]. The literature on the connections
between quantum integrable system and quantum cohomology becomes immense and keeps growing.
(4) Feigin-Frenkel center: the algebra of Hamiltonians for Gaudin model was described by Feigin-Frenkel
center, see [FFR94]. The theory about Feigin-Frenkel center and Sugawara operators is very beautiful and
has many important applications, which is beautifully summarised in [Fre07, Mol18]. Applications include, for
example, the proof of Kac-Kazhadan conjecture [GW89,Hay88], giving rise to the center of the local completion
of the universal enveloping algebra U(!
g) at the critical level, see [FF92], providing a quantization of the local
Hitchin’s system [FFTL10], solving Vinberg’s quantization problem, see [MY19] and references therein, etc.
(5) Combinatorics: the alternating sign matrix conjecture is proved by studying six-vertex model using the
Izergin-Korepin determinant for a partition function for square ice with domain wall boundary, see [Kup96]. The
number of alternating sign matrices can also be described as the largest coefficient of the normalized ground
state eigenvector of the XXZ spin chain of size 2n + 1, see [RS01, RSZJ07]. Quantum spin chains are also
related to standard Young tableaux. A bijective correspondence between the set of standard Young tableaux
(bitableaux) and rigged configurations was constructed in [KR86] , where rigged configurations “parametrize”
the solutions of Bethe ansatz equations.
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(6) There are also other directions, for example orthogonal polynomial [MV07], hypergeometric functions,
qKZ equations, Selberg type Integrals, arrangement of hyperplanes [SV91], etc, see [Var03] for a review.
All these connections and applications show that quantum spin chains play a central role in mathematics. It
is important to study quantum spin chains in a mathematical and rigorous way. A modern approach to describe
quantum integrable systems is using the representation theory of various quantum algebras [FRT88]. For example, enveloping algebras of current algebras, Yangians, quantum affine algebras, and elliptic quantum groups
correspond to Gaudin model, XXX, XXZ, and XYZ spin chains, respectively. We discuss the formulation of
the problem below in more detail.
2. I NTRODUCTION
Let us recall Gaudin models and XXX spin chains. Let g be a simple (or reductive) Lie algebra (or superalgebra). Let U(g) be the universal enveloping algebra of g. Let A(g) be an affinization of g such that U(g) can
be identified as a Hopf subalgebra of A(g). Here A(g) is either the universal enveloping algebra of the current
algebra U(g[t]) which describes the symmetry for Gaudin models, or Yangian Y(g) associated to g for XXX
spin chains. In both cases the algebra A(g) has a remarkable commutative subalgebra called the Bethe algebra.
We denote the Bethe algebra by B(g). The Bethe algebra B(g) commutes with U(g). The Bethe algebra commutes with the algebra U(g). Take any finite-dimensional irreducible representation V of A(g), then B(g) acts
naturally on the space of singular vectors V sing . The problem is to study the spectrum of B(g) acting on V sing
1
.
Let E : B(g) → C be"
a character, then the B(g)-eigenspace
B(g)-eigenspace associated
to E
%
" and #generalized
$∞
sing
m
in V
are defined by a∈B(g) ker(a|V sing − E(a)) and a∈B(g)
, respectively.
m=1 ker(a|V sing − E(a))
We call E an eigenvalue of B(g) acting on V sing if the B(g)-eigenspace associated to E is non-trivial. We call a
non-zero vector in a B(g)-eigenspace an eigenvector of B(g).
Question 2.1. Find eigenvalues and eigenvectors of B(g) acting on V sing .

The main approach to address Question 2.1 is the Bethe ansatz method, which was introduced by H. Bethe
back in 1931 [Bet31]. The Bethe ansatz usually works well for the generic situation. For the degenerate
situation, the problem is more subtle.
Let BV (g) be the image of B(g) in End(V sing ). A Frobenius algebra is a finite-dimensional unital commutative algebra whose regular and coregular representations are isomorphic. Based on the extensive study of
quantum integrable systems, the following conjecture is expected.
Conjecture 2.2 ([Lu20]). The BV (g)-module V sing is isomorphic to a regular representation of a Frobenius
algebra.
When Conjecture 2.2 holds, we call the corresponding integrable system perfectly integrable. This conjecture has been proved for the following cases, (1) Gaudin model of type A in [MTV08, MTV09]; (2) Gaudin
model of all types in [Lu20] with the help of [FF92, FFR10, Ryb18]; (3) XXX spin chains of type A associated
to irreducible tensor products of evaluation vector representations in [MTV14]; (4) XXX spin chains of Lie
superalgebra gl1|1 associated to cyclic tensor products of evaluation polynomial modules in [LM21c].
The notion of perfect integrability (or Conjecture 2.2) is motivated by the following corollary about general
facts of regular and coregular representations, geometric Langlands correspondence, and Bethe ansatz conjecture.
Corollary 2.3. For each eigenvalue E, the corresponding B(g)-eigenspace has dimension one. There exists a
bijection between B(g)-eigenspaces and Specm(BV (g)) - the subset of closed points in Spec(BV (g)). Moreover, each generalized B(g)-eigenspace is a cyclic B(g)-module. The image of Bethe algebra in End(V sing ) is
a maximal commutative subalgebra of dimension equal to dim V sing .
By the philosophy of geometric Langlands correspondence, one would like to understand the following question.
1The reason these models are called spin chains is that V is usually a tensor product of evaluation modules where each factor

corresponds to a particle of some spin.
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Question 2.4. Describe the finite-dimensional algebra BV (g) and the scheme spec(BV (g)). Find the geometric
object parametrizing the eigenspace of B(g) when V runs over all finite-dimensional irreducible representations.
It is well-known that if spec(BV (g)) is a complete intersection, then BV (g) is a Frobenius algebra. Conversely if BV (g) is Frobenius, it would be interesting to check if spec(BV (g)) is a complete intersection, see
[MTV09].
3. G AUDIN MODEL
In this section, we discuss our contribution [LMV16, LMV17, Lu18, LM19, Lu20] to the study of Gaudin
model in Sections 3.3-3.4.
3.1. Gaudin model. The Gaudin model was introduced by M. Gaudin in [Gau76] for the simple Lie algebra
sl2 and later generalized to arbitrary semi-simple Lie algebras in [Gau83, Section 13.2.2].
Let g be a simple Lie algebra. Let λ = (λi )ni=1 be a sequence of dominant integral weight. Let z = (zi )ni=1 be
a sequence of pair-wise distinct complex numbers. Let Vλ be the tensor product of finite-dimensional irreducible
g
representations of highest weights λs , s = 1, . . . , n. Let {Xi }dim
i=1 be an orthonormal basis of g with respect to
the Killing form. For X ∈ g, denote by X (a) the operator 1⊗(a−1) ⊗ X ⊗ 1⊗(n−a) ∈ U(g)⊗n .
The Gaudin Hamiltonians are given by
'
& dim g X (i) ⊗ X (j)
k=1
k
k
Hi =
,
i = 1, . . . , n.
(3.1)
zi − zj
j,j∕=i

The Gaudin Hamiltonians commute, [Hi , Hj ] = 0. In Gaudin model, we study the spectrum of Gaudin Hamiltonians acting on Vλ . The Gaudin Hamiltonians also commute with the diagonal action g.

3.2. Feigin-Frenkel center and Bethe subalgebra. In the seminal work [FFR94], Feigin, Frenkel, and Reshetikhin
established a connection between the center z(!
g) of affine vertex algebra at the critical level and higher Gaudin
Hamiltonians in the Gaudin model. Let us discuss z(!
g) in more detail.
Let g be a simple Lie algebra. Consider the affine Kac-Moody algebra !
g = g[t, t−1 ] ⊕ CK, g[t, t−1 ] =
−1
s
g ⊗ C[t, t ]. We simply write X[s] for X ⊗ t for X ∈ g and s ∈ Z. Let g− = g ⊗ t−1 C[t−1 ] and
g[t] = g ⊗ C[t]. Let h∨ be the dual Coxeter number of g. Define the module V−h∨ (g) as the quotient of U(!
g)
by the ideal generated by g[t] and K + h∨ . We call the module V−h∨ (g) the Vaccum module at the critical level
over !
g. The vacuum module V−h∨ (g) has a vertex algebra structure.
Define the center z(!
g) of V−h∨ (g) by
z(!
g) = {v ∈ V−h∨ (g) | g[t]v = 0}.

Using the PBW theorem, it is clear that V−h∨ (g) is isomorphic to U(g− ) as vector spaces. There is an injective
homomorphism from z(!
g) to U(g− ). Hence z(!
g) is identified as a commutative subalgebra of U(g− ). The
algebra z(!
g) is called the Feigin-Frenkel center, see [FF92]. An element in z(!
g) is called a Segal-Sugawara
vector. There is a distinguished element S1 ∈ z(!
g) given by
dim
&g
S1 =
Xa [−1]2 .
a=1

To obtain the Bethe subalgebra of g[t], one applies an anti-homomorphism to z(!
g) which sends X[−s − 1]
s
−1
−2
−1
to ∂u X(u)/s!, where X(u) = X[0]u + X[1]u + · · · ∈ U(g[t])[[u ]]. One obtains generating series in
u−1 . Then the Bethe subalgebra B(g) of g[t] is the unital subalgebra of U(g[t]) generated by all coefficients
of generating series corresponding to elements in z(!
g). The Bethe algebra is considered as the algebra of
Hamiltonians. For instance, the Gaudin Hamiltonians Hi (3.1) can be obtained by taking the residues of the
generating series corresponding to S1 at zi acting on Vλ1 (z1 ) ⊗ · · · ⊗ Vλn (zn ), where Vλi (zi ) is the evaluation
module of g[t] with evaluation parameter zi . This procedure can be found for e.g. in [Mol13, MR14].
Let V be a finite-dimensional irreducible representation of g[t], namely a tensor product of evaluation modules Vλ1 (z1 ) ⊗ · · · ⊗ Vλn (zn ), where λ = (λi )ni=1 and z = (zi )ni=1 as before. We are interested in the spectrum
of B(g) acting on V sing .
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There is also a generalization of Gaudin model, which is called Gaudin model with irregular singularities,
see [Ryb06, FFTL10]. In this case, the Bethe algebra also depends on an element µ ∈ g∗ .

3.3. Opers and perfect integrability. In this section, we discuss the known results posed in the introduction.
It was shown in [Fre05, Theorem 2.7] that BV (g) is isomorphic to the algebra of functions on the space
of monodromy-free L g-opers on P1 which has regular singularities at the point zi of residues described by λi
and also at infinity. Moreover, the joint eigenvalues of the Bethe algebra acting on V sing are encoded by these
L g-opers. It was also conjectured there that there exists a bijection between joint eigenvalues of Bethe algebra
acting on V sing and monodromy-free L g-opers on P1 stated above.
Similar statements are also obtained for Gaudin model with irregular singularities in [FFTL10]. In this case,
the difference is that the corresponding L g-opers now have irregular singularities at infinity. It is then shown in
[FFR10, Corollary 5] for Gaudin model with irregular singularities associated to regular µ ∈ g∗ that the Bethe
algebra acts on V cyclically and there exists a bijection between joint eigenvalues of Bethe algebra acting on V
with monodromy-free L g-opers on P1 which has regular singularities at the point zi of residues described by λi
and a irregular singularity at infinity.
Using the results of [FFTL10] and taking µ to be the principal nilpotent element, Rybnikov managed to
prove the conjecture in [Fre05] for Gaudin model, see [Ryb18]. Namely, the Bethe algebra BV (g) acts on
V sing cyclically and there exists a bijection between joint eigenvalues of Bethe algebra acting on V sing with
monodromy-free L g-opers on P1 which has regular singularities at the point zi of residues described by λi and
also at infinity.
These results give answers for Questions 2.1, 2.4 and the essential parts of Conjecture 2.2 for Gaudin model,
that is the BV (g)-module V sing is isomorphic to the regular representation of BV (g).
To show Conjecture 2.2, it remains to show that BV (g) is a Frobenius algebra. Combining the results [FF92,
FFR10, Ryb18] and using the Shapovalov form on V , we are able to construct an invariant nondegenerate
symmetric bilinear form on BV (g), which in turn shows that BV (g) is Frobenius. Hence we obtain
Theorem 3.1 ([Lu20]). Gaudin model for µ = 0 and regular µ ∈ h∗ is perfectly integrable.

In other words, we obtain the perfect integrability for Gaudin model with periodic and regular quasi periodic boundaries. As a corollary, we also obtain that there exists a bijection between common eigenvectors of
Bethe algebra acting on V sing with aforementioned L g-opers. This can be thought as the proof of Bethe ansatz
conjecture of eigenvector form.
3.4. Grassmannian and Gaudin model. A remarkable observation is the connection between Guadin model
of type A and Grassmannian. This was first observed in [MV04] by studying the reproduction procedure of
solutions of Bethe ansatz equation. An invariant object for reproduction procedure is a differential operator
whose kernel is a space of polynomials with prescribed exponents at zi described by the corresponding partitions
λi (dominant weights). This differential operator can be explicitly written in terms of the corresponding solution
of Bethe ansatz equation. It is essentially the same as the slN -opers, namely it describes the joint eigenvalues
of the Bethe algebra acting on the corresponding Bethe vector constructed from the solution of Bethe ansatz
equation, see [FFR94, MTV06].
This connection leads to a proof of Shapiro-Shapiro conjecture in real algebraic geometry, see [MTV09b].
This connection was made precise in [MTV09] by interpreting the Bethe algebra BV (g) as the space of functions
on the intersection of suitable Schubert cycles in a Grassmannian variety. This interpretation gives a relation
between representation theory of glN and Schubert calculus useful in both directions. In particular, the proofs
of a strong form of Shapiro-Shapiro conjecture and the transversality conjecture of intersection of Schubert
varieties are deduced from that, see [MTV09].
We further study this connection in [LMV17]. To state our result, we make the statement in [MTV09] more
precise. Let Ωλ,z be the intersection of Schubert cells Ωλi ,zi with respect to the osculating flag at zi and the
partition λi , see [LMV17, Section 3.1] for more detail.
Theorem 3.2 ([MTV09]). There exists a bijection between eigenvectors of BV (glN ) in V sing and Ωλ,z .

Note that, for generic z, BV (glN ) is diagonalizable and has simple spectrum on V sing . Let Ωλ be the disjoint
union of all Ωλ,z with z running over all tuples of distinct coordinates. These Ωλ are constructible subsets in
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the Grassmannian. We show that these Ωλ form a stratification of Grassmannian, see [LMV17, Section 3.3],
similar to the well-known stratification consisting of Schubert cells. By taking closure of Ωλ , it means we allow
distinct zi and zj coinciding. Note that
(
λ
Vµ (z) ⊗ Vν (z) =
Cµ,ν
Vλ (z),
λ

λ are the Littlewood-Richardson coefficients, therefore we know how V decomposes if several z
where Cµ,ν
i
coincide. Using Theorem 3.2, it tells us that the closure of Ωλ is exact a disjoint union of Ωµ and those µ are
determined by the representation theory of glN and λ. Therefore this shows these Ωλ form a new stratification
of the Grassmannian. This generalizes the standard stratification of the swallowtail, see for example [AGZV85,
Section 2.5 of Part 1].
Since this connection is so important, it would be interesting to explore similar connections by studying
Gaudin model of other types. We are able to deal with types B, C, G2 with the following reasons. Since the
Bethe algebra can be obtained from Feigin-Frenkel center z(!
g), we need a complete set of explicitly generators
of z(!
g). These generators are obtained for types A [CT06], BCD [Mol13], and G2 [MRR16]. This method for
type D is not applicable as the Dynkin diagram has branch. As a result, after using the Miura transformation to
the L g-opers, one obtains pseudo-differential operators.
Let g be a simple Lie algebra of types B and C. Identifying a L g-oper as a slN -oper of special form and using
Miura transformation, one obtains a differential operator in a symmetric form as follows depending type B or
C,

(∂x − f1 (x)) · · · (∂x − fn (x))(∂x + fn (x)) · · · (∂x + f1 (x)),
(∂x − f1 (x)) · · · (∂x − fn (x))∂x (∂x + fn (x)) · · · (∂x + f1 (x)).
Therefore, the kernels of these differential operators have certain symmetry, which are the same as the ones
introduced in [MV04, Section 6]. Such spaces are coming from the reproduction procedure for types BC and
called self-dual spaces. The subset of all self-dual spaces in the Grassmannian is called self-dual Grassmannian. The self-dual Grassmannian is a new geometric object which is an algebraic subset in Grassmannian and
different from the orthogonal Grassmannian.
Using the main result of [Ryb18], we managed to obtain a stratification for self-dual Grassmannian described
by the representation theory of Lie algebras of types B and C similar to the one of type A for Grassmannian, see
[LMV17, Section 4.4]. Combining [LMV17, Theorem 4.5] and the perfect integrability of Gaudin model, we
have
Theorem 3.3 ([Lu20]). There exists a bijection between eigenvectors of BV (g) in V sing and the subset of all
self-dual spaces in Ωλ,z .
To be more precise, λ has to be changed to the corresponding partitions, see [LMV17, Section 4] for the
definition. There is a similar study for type G2 in this direction. The corresponding geometric object is called
self-self-dual Grassmannian due to a further symmetry, see [LM19].
Following the idea of [MT16], we obtain a lower bound for number of real self-dual spaces in Ωλ,z by
analyzing a modified Shapovalov form on Vλ , see [Lu18]. The Bethe ansatz equations of Gaudin models
associated to orthosymplectic Lie superalgebras have been studied in [LM21], and the relations between Bethe
ansatz and self-dual superspaces are discussed. However, due to the technicality issue, the self-dual superspaces
and the corresponding opers still need to be better understood.
4. XXX SPIN CHAINS AND YANGIAN
In this section, we discuss our contribution [HLM19, LM21c] to the study of XXX spin chains in Sections
4.4, 4.5. We remark that Gaudin model is the classical limit of XXX spin chains. Much more is unknown for
XXX spin chains comparing to Gaudin models.
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4.1. Super Yangian and Bethe subalgebra. In the XXX spin chain, the algebra of symmetry A(g) is the
Yangian Y(g) while the Bethe subalgebra B(g) is generated by the coefficients of the transfer matrices associated
to certain finite-dimensional representations. We consider it mainly for the case when g is the general Lie
superalgebra glm|n . Let |i| = 0 if i = 1, . . . , m and |j| = 1 if j = m + 1, . . . , m + n. Let #i = (−1)|i| . Let
Cm|n (the defining representation of glm|n ) be the superspace whose even part is Cm and odd part is Cn .
Let R(x) be the rational R-matrix R(x) = 1 + P/x, where P is the graded flip operator. The rational Rmatrix is a solution to the Yang-Baxter equation. Let T (x) be the generating matrix of the Yangian Y(glm|n ).
The defining relation of the Yangian is given by the RTT relations, see [Naz91],
R1,2 (x1 − x2 )T1 (x1 )T2 (x2 ) = T2 (x2 )T1 (x1 )R1,2 (x1 − x2 ).

Following [MR14], the generating function of higher transfer matrices is given by the Berezinian in terms of
the generating matrix T (x)τ , where τ is the difference operator τ f (x) = f (x − 1)τ and t stands for the
'
|i||j|+|j| E ⊗
supertranspose. We describe it in more detail as follows. We identify the operator Z = m+n
ij
i,j=1 (−1)
′ ]. Define the Berezinian
Zij with the matrix Z = [Zij ], where Eij are the standard matrix units. Let Z −1 = [Zij
Ber(Z), see [Naz91], by
&
&
′
′
Ber(Z) =
sign(σ)Zσ(1)1 · · · Zσ(m)m
sign(σ̃)Zm+1,m+σ̃(1)
· · · Zm+n,m+σ̃(n)
.
σ∈Sm

σ̃∈Sn

Let str stand for the supertrace. Let Z(x, τ ) = 1 − T (x)t τ , then Z(x, τ ) is a Manin matrix. It is shown in
[MR14, Theorem 2.13] that
Ber(Z(x, τ )) =

∞
&
k=0

(−1)k str(Ak T1 (x) · · · Tk (x − k + 1))τ k ,

(Ber(Z(x, τ )))−1 =

∞
&
k=1

str(Hk T1 (x) · · · Tk (x − k + 1))τ k ,

where Ak and Hk are the anti-symmetrizer and symmetrizer in End((Cm|n )⊗k ), respectively. The Bethe subalgebra B(glm|n ) is generated by the coefficients of Tk (x) := str(Ak T1 (x) · · · Tk (x − k + 1)) for k ∈ Z!0 .
The Bethe subalgebra is also generated by the coefficients of Hk (x) := str(Hk T1 (x) · · · Tk (x − k + 1)) for
k ∈ Z!0 . The generating series Tk (x) and Hk (x) are called transfer matrices.
4.2. Jacobi-Trudi identity for transfer matrices and q-characters. Indeed, there are more transfer matrices.
Given a skew Young diagram λ/µ, one can construct the transfer matrix Tλ/µ (x) associated to λ/µ by specializing the universal R-matrix to the corresponding skew representation [LM21b, Sec. 3] and then taking the
supertrace, see [LM21b, Sec. 5]. In particular, Ti (x) corresponds to a Young diagram of a column of i boxes
while Hi (x) corresponds to a Young diagram of a row of i boxes. These transfer matrices are related as follows.
Theorem 4.1 ([LM21b, Theorem 5.3]). Transfer matrices satisfy Jacobi-Trudi identity,
Tλ/µ (x) = det (Hλi −µj −i+j (x + µj − j + 1)) =
1"i,j"ℓ

det (Tλ′i −µ′j −i+j (x − µj + j − 1)),

1"i,j"ℓ′

where ℓ = λ′1 and ℓ′ = λ1 .
This was conjectured by Tsuboi on the level of eigenvalues, see [Tsu97], and proved for the case of hook
Young diagrams in [KV08]. We obtain by specializing the universal R-matrix to the Jacobi-Trudi identity for
q-characters [LM21b, Theorem 3.16], cf. [NN06, Conjecture 2.2].
4.3. Bethe ansatz. The simplest non-trivial transfer matrix is the transfer matrix T1 (x) associated to the vector
representation Cm|n . The Bethe ansatz for T1 (x) was studied in [Kul85, BR08]. For simplicity we recall it
for the standard root system of glm|n from there. Let l = (l1 , . . . , lm+n−1 ) be a sequence of non-negative
(1)

(1)

(m+n−1)

integers. Let t = (t1 , . . . , tl1 ; . . . ; t1

(m+n−1)

, . . . , tlm+n−1 ) be a sequence of complex numbers. Let yi (x) =
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) li

(i)
j=1 (x − tj )

and denote yt = (yi (x))m+n−1
. When t satisfies a certain system of algebraic equations, called
i=1
Bethe ansatz equation,
(i)

(i)

(i)

(i)

ζi (tj ) yi−1 (tj + #i ) yi (tj − #i )
(i)

ζi+1 (tj )

(i)

yi−1 (tj )

yi+1 (tj )

(i)

(i)

yi (tj + #i+1 ) yi+1 (tj − #i+1 )

= 1, i = 1, . . . , m + n − 1, j = 1, . . . , li ,

(4.1)

−1
−1
where ζ = (ζi (x))m+n
i=1 , ζi (x) ∈ 1 + x C[[x ]], is the highest ℓ-weight of the finite-dimensional irreducible
representation V and y0 (x) = ym+n (x) = 1. One can construct a Bethe vector B(t) depending on t using
Bethe ansatz. When B(t) is non-zero, it is an eigenvector of T1 (x) with the eigenvalue given by

Et (x) =

m+n
&
i=1

#i ζi (x)

yi−1 (x + #i ) yi (x − #i )
.
yi−1 (x)
yi (x)

(4.2)

One of the main problem in Bethe ansatz is completeness. We say that Bethe ansatz is complete if all eigenvectors of T1 (x) can be constructed from Bethe ansatz. In general, for different solutions of Bethe ansatz equations, the corresponding eigenvalues are different. Hence for the Bethe ansatz to be complete, each eigenspace
has to be 1-dimensional.
4.4. Reproduction procedure and rational difference operator. For this Bethe ansatz construction, it is only
shown that the Bethe vector B(t) is an eigenvector of the transfer matrix T1 (x). It is natural to expect that B(t)
is an eigenvector for the Bethe subalgebra B(glm|n ). This is shown in [MTV06] for the case n = 0. In
this case, the Berezinian becomes the column determinant. It turns out Ber(Z(x, τ ))B(t) = Dt B(t), where
Dt is a product of linear difference operators written explicitly using the highest ℓ-weight ζ and polynomials
yi (x). Remarkably, this difference operator is the same as the one obtained in [MV03] by studying the invariant
object under reproduction procedure for solutions the Bethe ansatz equation. This motivates us to study the
reproduction procedure, its invariant object, and its geometric structure for glm|n case, see [HLM19].
The reproduction procedure is a process to obtain solutions of Bethe ansatz equation from a given solution of
Bethe ansatz equation. In the glm|n case, there are two kinds of reproduction procedures, bosonic and fermionic
reproduction procedure on the i-th direction, depending on the simple root αi is even or odd. We explain it only
for gl2 and gl1|1 cases.
In the gl2 case, the Bethe ansatz equation can be written in terms of Wronskian equality, see [MV03,MV05b],
namely y satisifies Bethe ansatz equation if and only if there exists a polynomial ỹ such that Wr(y, ỹ) = p(x),
where y = y1 and p(x) is the Drinfeld polynomial corresponding to the representation. Clearly for any c ∈ C
the map y &→ ỹ + cy gives a family of solutions of Bethe ansatz equation and we call it the bosonic reproduction
procedure. The invariant object of the bosonic reproduction procedure is the difference operator
*

1 − ζ1 (x)

y(x − 1) +*
y(x + 1) + *
ỹ(x − 1) +*
ỹ(x + 1) +
τ 1 − ζ2 (x)
τ = 1 − ζ1 (x)
τ 1 − ζ2 (x)
τ .
y(x)
y(x)
ỹ(x)
ỹ(x)

We remark that the general glm reproduction procedure corresponds to the Gauge transformation of Miura opers,
see [Fre04, MV05].
In the gl1|1 case, there are two choices of root systems depending on parity sequences, see [CW12]. The Bethe
ansatz equation can be written in terms of divisibility condition. Since V is finite-dimensional irreducible, there
exist two relatively prime polynomials ϕ(x) and ψ(x) such that ϕ(x)/ψ(x) = ζ1 (x)/ζ2 (x), see [Zha95]. Then
the Bethe ansatz equation for gl1|1 is the same as the condition that y(x) := y1 (x) divides ϕ(x) − ψ(x). Let
ỹ(x) be the polynomial such that y(x)ỹ(x + 1) = ϕ(x) − ψ(x). Then ỹ(x) divides ψ(x − 1) − ϕ(x − 1) which
corresponds to the Bethe ansatz equation associated to V with respect to gl1|1 of a different parity sequence.
With this new parity sequence, ψ(x − 1) and ϕ(x − 1) play similar role as ϕ(x) and ψ(x) under the standard
parity sequence, respectively. We call the replacement y &→ ỹ the fermionic reproduction procedure. Note that
the fermionic reproduction procedure is very similar to the mutation in cluster algebra. The eigenvalue (4.2)
does not change under the replacement y &→ ỹ. The invariant object of the fermionic reproduction procedure is
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the rational difference operator
*
y(x − 1) +*
y(x − 1) +−1 *
ỹ(x + 1) +−1 *
ỹ(x + 1) +
1 − ζ1 (x)
τ 1 − ζ2 (x)
τ
= 1 − ζ̃1 (x)
τ
1 − ζ̃2 (x)
τ . (4.3)
y(x)
y(x)
ỹ(x)
ỹ(x)

We expect that the general glm|n reproduction procedure can be understood as the super Gauge transformation
of Miura superopers.
Our main result in [HLM19] is as follows. For the general glm|n case, we concentrate on the case V =
⊗ki=1 Lλi (zi ) is a tensor product of evaluation typical representations with evaluation parameters satisfying
zi − zj ∕∈ Z. Starting from a solution t of Bethe ansatz equation (4.1) (with standard parity sequence), we
call the set of all solutions obtained from the bosonic and fermionic reproduction procedures from this solution
a population originated from t and denote it by Pt . We associated Pt a rational difference operator Dt by
−
→ *
,
yi−1 (x + #i )yi (x − #i ) +%i
−1
Dt = Dt,0̄ Dt,
=
1
−
ζ
(x)
τ ,
(4.4)
i
1̄
yi−1 (x)yi (x)
1"i"m+n

where Dt,0̄ are Dt,1̄ are difference operators of order m and n, respectively. It is known that ker Dt,0̄ ∩ker Dt,1̄ =
0. Let W be the superspace, whose even part is ker Dt,0̄ and odd part is ker Dt,1̄ .

Theorem 4.2. [HLM19, Theorem 6.7] There are natural bijections between three objects: elements of the
population Pt of the solutions of the Bethe ansatz equation, superflags in W , and complete factorizations of Dt
into products of linear difference operators and their inverses.
As explained at the beginning of this section, we have the following conjecture.
Conjecture 4.3. We have Ber(Z(x, τ ))B(t) = Dt B(t).

Here V can be any module of highest ℓ-weight. This conjecture is proved for the glm case in [MTV06,
Theorem 6.1] and for the case gl1|1 in [LM21c, Theorem 6.4]. The conjecture is an analogue of [FH15, Theorem
5.11] and [FJMM17, Theorem 7.5].
It is shown [LM21b, Thm. 5.12] the universal rational difference operator Ber(Z(x, τ )) can be written into
a ratio form as follows,
m
n
&
&
#
%#
%−1
Ber(Z(x, τ )) = 1 +
Ci (x)τ i 1 +
Dj (x)τ j
.
i=1

j=1

Using the Jacobi-Trudi identity for transfer matrices, it turns out each Ci (x) and Di (x) can be written as a
ratio of one transfer matrix Tλ1 /µ1 (x) associated to skew Young diagrams over another transfer matrix Tλ2 (x)
associated to a rectangle of size m × n. Moreover, though Tλ2 (x) does not divide Tλ1 /µ1 (x), but the q-character
corresponding to Tλ2 (x) divides that corresponding to Tλ1 /µ1 (x). This fact is also related to Kac-modules of
glm|n , see [LM21b, Rem. 3.15]. Note that this ratio is consistent with the ration form (4.4) under Conjecture
4.3, see [LM21b, Sec. 5.5]. We expect this would be important to further understand conjecture 4.3.

4.5. Perfect integrability and completeness of Bethe ansatz for gl1|1 case. In [LM21c], we give an (almost)
complete study of the gl1|1 case when V is a cyclic (generated by the highest ℓ-weight vector) tensor product of
evaluation polynomial modules (up to twisted by a one-dimensional module). Following the idea of [MTV09],
we managed to show that XXX spin chain associated to V is perfectly integrable and the Bethe ansatz is
complete if we suppose further that V is irreducible.
'
Let λ = (λs )ks=1 be a sequence of polynomial gl1|1 -weights such that ks=1 (as + bs ) = n where λs =
(as , bs ). Let z = (z1 , . . . , zk ) be a sequence of complex numbers. Suppose the Y(gl1|1 )-module V =
)
)
⊗ks=1 Vλ(s) (zs ) is cyclic. Set ϕ(x) = ks=1 (x − zs + as ) and ψ(x) = ks=1 (x − zs − bs ).
Theorem 4.4 ([LM21c, Theorem 4.9]). The XXX spin chain associated to V is perfectly integrable. In particular, the B(gl1|1 )-eigenspaces in V sing bijectively correspond to the monic divisors y(x) of the polynomial
ϕ(x) − ψ(x). Moreover, the eigenvalue of T1 (x) corresponding to the monic divisor y is described by Et (x),
see (4.2).
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This shows Conjecture 2.2 for XXX spin chain associated to gl1|1 when V is a cyclic tensor product of
evaluation polynomial modules. We also remark that the image of Bethe algebra is very similar to the equivariant
cohomology algebra of the cotangent bundle of flag varieties, see [GRTV12, equation (5.1)]. We also obtain
similar result for gl1|1 Gaudin models, see [Lu22].
Theorem 4.5 ([LM21c, Theorem 2.11]). Let λ be a sequence of polynomial gl1|1 -weights. If L(λ, b) is an
irreducible Y(gl1|1 )-module, then the Bethe ansatz is complete.
Combining this with Theorem 4.4 , it addresses Question 2.1. The situation with tensor products of arbitrary
finite-dimensional modules is even more interesting as the category of finite-dimensional gl1|1 -modules is not
semisimple and therefore we have more symmetries of the model, see [HMVY19, Section 8.3]. The methods of
[LM21c] are not applicable and one needs a different approach.
We also remark that attempts to obtain similar results in the glm (m ! 4) case have not been fully successful
so far.
5. R EPRESENTATION THEORY OF QUANTUM GROUPS
! m|n ) has been studied in [Zha95,Zha96,Zha14,
The representation theory of super Yangian Y(glm|n ) or Uq (gl
Zha17, Zha18]. However, it is still far from being well-understood. A first question is that what is the “correct”
definition of q-characters (though a q-character can be defined) for super case. Here by correctness, we mean the
one which has nice combinatorial properties that can be useful and powerful to study the representation theory
of Y(glm|n ), see [FM01]. For example, a q-character theory which produces a good definition of dominant
monomials and preserves the right-negativity, and so on.
Most works are done for the evaluation of polynomial modules which are associated to hook Young diagrams.
It would be interesting to work on a more general class of representations which are associated to skew Young
diagrams. Namely, we are interested in generalizing the work of Nazarov and Tarasov [NT98, NT98b, NT02] to
the supersymmetric setting. We explain it in more detail as follows.
5.1. Drinfeld functor for super Yangian. Affine quantum Schur-Weyl duality was first proved by Drinfeld in
[Dri86] for Yangian and by Chari and Pressley for quantum affine algebras in [CP96]. It was further explored
by Arakawa in [Ara99]. Following [Ara99], we study the Drinfeld functor for super Yangian, see [LM21b, Sec.
4]. Given any finite-dimensional irreducible representation M of the degenerate Hecke algebra, the image of
M under the Drinfeld functor remains irreducible as a super Yangian module. Unlike the even case, it is not
clear how to compute the highest ℓ-weight of the image of M under Drinfeld functor since the highest ℓ-weight
vector is in general not the top vector any more. We show the Jacobi-Trudi identity for q-characters of skew
representations, see [LM21b, Thm 3.4]. Using this and the resolution of we show that this image is exactly
the skew representations associated to skew Young diagrams in [NT98] defined in the same way for super case.
Moreover, Consequently, many known results from non-super case can be obtained using Drinfeld functor. For
example, if all Vi are elementary modules, then V1 ⊗ · · · ⊗ Vℓ is simple if and only if Vi ⊗ Vj is simple for all
i < j, cf. [NT02, Theorem 4.9] and [Her10]. It would be nice to generalize similar results to the cyclic case, cf.
[Her19], and give explicit cyclic conditions of these modules, cf. [NT98, Proposition 3.1 and Theorem 3.3] and
[Cha02]. The q-character of these modules give solutions of extended T-systems, cf. [MY12].
5.2. Gelfand-Zetlin bases. The explicit formulas for generators acting on Gelfand-Zetlin bases of covariant
representations (polynomial moduels) for the Lie superalgebra glm|n has been obtained [SdJ10]. Using this
result, we give explicit actions of the current generating series of the super Yangian action on representations of
Y(glm|n ) associated to skew Young diagrams in [Lu21b]. Instead of following [NT94], we use a property from
[You15] which says if the module is thin, then the action of current generating series on the eigenbasis of Cartan
generating series is essentially determined by the action of the first mode and their ℓ-weights. In particular, we
give another proof that the skew representations of super Yangian is irreducible. We also give similar results for
the quantum affine superalgebra associated to glm|n .
The main reason to avoid the technic from [NT94] is that the Berezinian, a super analogue of determinant,
makes the problem more complex. One is not able to get a polynomial action for all Berezinians (previously
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quantum minors) by simply multiplying a polynomial. Such a discussion is written in [Mol21] for the simplest
case Y(gl1|1 ). It would be interesting to generalize it to higher ranks.
5.3. Super Yangian associated to different parity sequences, see [CW12, Pen16]. It is also interesting to
generalize the results mentioned above to the case of Yangian Y(glm|n ) with arbitrary parity sequences. Another
question arose in the study [HLM19] is as follows. For a finite-dimensional irreducible Y(glm|n )-module V of
highest ℓ-weight ζ with respect to the standard parity sequence, consider the Borel part of Y(glm|n ) associated
to another parity sequence, what is the highest ℓ-weight of V with respect to this new Borel part. The answer
for tensor products of evaluation modules can be addressed using the result from representation theory of glm|n .
This result has been obtained recently in [Mol21]. Indeed, similar results are obtained by me in 2020 Summer.
We remark that the answer is indeed simple for gl1|1 case as all irreducible finite-dimensional representations of
Y(gl1|1 ) are essentially tensor products of evaluation modules and then it is trivially generalized to the general
Y(glm|n ) case, see e.g. [Mol21]. Moreover, such a transition rule can also be obtained using Bethe ansatz, see
(4.3). To be more precise, one can compute explicitly the new ℓ-weights (ζ̃1 (x), ζ̃2 (x)) using [HLM19, Lemma
2.2] which is exactly the highest ℓ-weight for the same module with respect to the new Borel subalgebra of super
Yangian after the odd reflection. We reproduced the result using Drinfeld generators and gave an algorithm how
q-characters change under odd reflections in [Lu21].
5.4. Schur-Weyl duality for quantum toroidal superalgebras. Let Ḧℓ be the double affine Hecke algebra
(elliptic Cherednik algebras) depending on a parameter ζ, E the quantum toroidal superalgebra associated to
glm|n depending on two generic parameters q, d, see [BM21]. Set q1 = dq −1 .
We establish the Schur-Weyl type duality between double affine Hecke algebras and quantum toroidal superalgebras, generalizing the well known result of [VV96] to the super case.
Theorem 5.1 ([Lu21c]). If ζ = q1n−m and m + n ! 4, then there exists a functor F from the category of
right Ḧℓ -modules to the category of integrable E-modules with trivial central charge and of level ℓ. Moreover,
if ℓ < m + n − 2, then the functor F is an equivalence of categories.
It would be an interesting problem that how the representations of quantum toroidal superalgebras can be deduced using the Schur-Weyl duality directly from the known results of quantum toroidal algebras, cf. [LM21b].
5.5. Group gradings. I also worked on group gradings when I was a master student in Zhejiang University,
see [HLY14, HLL19].
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(2017), no. 8, 25432579.
[FM01] E. Frenkel and E. Mukhin, Combinatorics of q-characters of finite-dimensional representations of quantum affine algebras,
Commun. Math. Phys. 216 (2001), no. 1, 23–57.
[FR99] E. Frenkel and N. Reshetikhin, The q-characters of representations of quantum affine agebras and deformations of Walgebras, Recent Developments in Quantum Affine Algebras and Related Topics, 1999, pp. 163–205.
[Fre04] E. Frenkel, Opers on the projective line, flag manifolds and Bethe Ansatz, Mosc. Math. J. 4 (2004), no. 3, 655–705.
[Fre05] E. Frenkel, Gaudin model and opers, Infinite dimensional algebras and quantum integrable systems, 2005, pp. 1–58.
[Fre07] E. Frenkel, Langlands Correspondence for Loop Groups, Cambridge University Press, Cambridge, 2007.
[FRT88] L. Faddeev, N. Reshetikhin, and L. Takhtajan, Quantization of Lie Groups and Lie Algebras, Algebraic Analysis, 1988,
pp. 129–139.
[Gau76] M. Gaudin, Diagonalisation d’une classe d’hamiltoniens de spin, J. de Physique 37 (1976), no. 10, 10871098.
[Gau83] M. Gaudin, La fonction d’onde de Bethe, Masson, Paris, 1983.
[GRTV12] V. Gorbounov, R. Rimányi, V. Tarasov, and A. Varchenko, Cohomology of the cotangent bundle of a flag variety as a
Yangian Bethe algebra, J. Geom. Phys. 74 (2012), no. 37, 56–86.
[GW89] R. Goodman and N. Wallach, Higher-order sugawara operators for affine lie algebras, Trans. Amer. Math. Soc. 315 (1989),
no. 1, 1–55.
[Hay88] T. Hayashi, Sugawara operators and Kac-Kazhdan conjecture, Invent. Math. 94 (1988), no. 1, 13–52.
[Her10] D. Hernandez, Simple tensor product, Invent. Math. 181 (2010), no. 3, 649675.
[Her19] D. Hernandez, Simple tensor product, Invent. Math. 25 (2019), no. 2, 119.
[HLL19] Gang Han, Yucheng Liu, and Kang Lu, Multiplicity free gradings on semisimple Lie and Jordan algebras and skew root
systems, Algebra Colloquium 26 (2019), no. 1, 123–138.
[HLM19] C.-L. Huang, Kang Lu, and E. Mukhin, Solutions of glm|n XXX Bethe ansatz equation and rational difference operators,
Journal of Physics A: Mathematical and Theoretical 52 (2019), no. 37, 1–31.
[HLY14] Gang Han, Kang Lu, and Jun Yu, Fine gradings of complex simple Lie algebras and Finite Root Systems, arXiv:1410.7945
(2014).
[HMVY19] C.-L. Huang, E. Mukhin, B. Vicedo, and C. Young, The solutions of glm|n Bethe ansatz equation and rational pseudodifferential operators, Sel. Math. New Ser. 25 (2019), no. 4, 1–31.
[Kni95] H. Knight, Spectra of tensor products of finite-dimensional representations of Yangians, J. Algebra 174 (1995), no. 1, 187–
196.
[KR86] A. Kirillov and N. Reshetikhin, The Bethe Ansatz and the Combinatorics of Young Tableaux, Zap. Nauchn. Sem. Leningrad.
Otdel. Mat. Inst. Steklov. (LOMI) 166 (1986), 65–115.
[Kul85] P. Kulish, Integrable graded magnets, Zap. Nauchn. Sem. LOMI 145 (1985), 140–163.
[Kup96] G. Kuperberg, Another proof of the alternating sign matrix conjecture, Int. Math. Res. Not. IMRN 1996 (1996), no. 3,
139–150.
[KV08] V. Kazakov and P. Vieira, From characters to quantum (super)spin chains via fusion, JHEP 2008 (2008), no. 10, 050.
[LM19] Kang Lu and E. Mukhin, On the Gaudin model of type G2 , Communications in Contemporary Mathematics 21 (2019),
no. 3, 1–31.
[LM21a] Kang Lu and E. Mukhin, Bethe ansatz equations for orthosymplectic Lie superalgebra and self-dual superspaces, Annales
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